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ABSTRACT
Theoretical Modeling, Experimental Observation, and
Reliability Analysis of Flow-induced Oscillations in
Offshore Wind Turbine Blades
SEPTEMBER 2016
PARIYA POURAZARM
B.SC., SHARIF UNIVERSITY OF TECHNOLOGY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Yahya Modarres-Sadeghi & Professor Mathew A. Lackner

Offshore wind energy has been growing rapidly due to its capacity for utilizing
much larger turbines and thus higher power generation compared to onshore. With the
increasing size of offshore wind turbine rotors, the design criteria used for the blades may
also evolve. Increased flexibility in blades causes them to be more susceptible to
experiencing flow-induced instability. One of the destructive aero-elastic instabilities that
can occur in flexible structures subjected to aerodynamic loading is coupled-mode flutter.
Coupled-mode flutter instability has not been a design driver in the current wind turbine
blades, however, considering the industry tendency in utilizing longer and lighter blades,
it needs very closeattention. Long-span bridges, aircrafts and turbomachines are the most
common engineering devices subject to flutter. In recent years, a few studies have
focused on flutter instability in wind turbine blades. Coupled-mode flutter in wind turbine
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blades is the result of the interaction between a torsional mode and a flapwise mode. The
two structural modes coalesce at a critical flow velocity and result in a negative damping
that cannot be compensated by structural damping. Contrary to the stall flutter which is
the result of separation and reattachment of the flow due to high angles of attack,
classical flutter occurs in the attached flow regime and may occur in pitch-regulated wind
turbines. The aim of this thesis is to provide a thorough study of the coupled-mode flutter
in wind turbine blades. For this purpose coupled-mode flutter is studied both through
theoretical modeling and wind tunnel experimentations.

Parametric studies are

performed on three MW-size wind turbine blades and it is shown that the ratio between
the torsional and flapwise natural frequencies, as well as the magnitude of the 1st
torsional natural frequency significantly influence the onset of flutter. To investigate the
influence of uncertainty in system’s parameters on the onset of flutter, Monte Carlo
simulations are conducted assuming randomness in both flow forces and structural
properties. It is shown that the safety margin between the flutter onset and the rated rotor
speed shrinks and in some cases vanishes when the randomness is considered. Different
reliability methods are used to mitigate the Monte Carlo simulations and a new reliability
method which is developed, is proven to be a viable substitute for the Monte Carlo with
much less computing time. Coupled mode flutter of fixed and rotating highly flexible
airfoils is also studied and the influence of static deflection on the flutter characteristic is
shown and validated through conducting experiments in a wind tunnel. A small scale
wind turbine is designed to study the aero-elastic instabilities in rotating blades. A set of
experiments is carried out in a wind tunnel and the failure of the small scale blades due to
the aero-elastic instability is captured.
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CHAPTER 1
INTRODUCTION
Wind energy is one of the major sources of renewable energy; it is clean,
renewable and widely distributed. In total, 83 countries around the world are supplying
their electricity grid using wind energy [1]. As of the end of 2015, worldwide, there are
over two hundred thousand operating wind turbines, with a total rated capacity of about
433 GW [2]. Wind energy production has reached around 4% of worldwide electricity
usage and is growing rapidly [3]. According to the World Wind Energy Association, an
industry organization, in 2010 wind power generated 430 TWh or about 2.5% of the
worldwide electricity usage up from 1.5% in 2008 and 0.1% in 1997 [4] .
The wind power or the kinetic energy per unit time of the air flow with uniform
air velocity passing through a rotor disc is proportional to the rotor area and the cube of
the wind speed. Therefore, in order to capture more power from the wind, higher wind
velocities and larger rotors are needed.
Wind speeds tend to be stronger and more uniform offshore compared to onshore
which makes the offshore wind power have the potential for higher contribution in
supplied electricity. At the end of 2014, 3,230 turbines at 84 offshore wind farms across
11 European countries had been installed and grid-connected, making a total capacity of
11 GW[5]. However, offshore wind farms are still relatively expensive.
The size of wind turbine rotors has increased rapidly in the past decades to extract
more power from the wind. This trend is especially prominent in the offshore
environment. Modern commercial 6 MW wind turbines have blade lengths over 70 m,
and prototype turbines currently under development with ratings of 8-10MW may have
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blade lengths of 80 m or greater. While increasing the blade length has the clear benefit
of increased energy capture, this trend also leads to new challenges, such as
manufacturing, transportation, and others. A particular challenge that is the focus of the
current research is the increase in the blade’s flexibility with length. Increased flexibility
causes a greater likelihood of flow-induced instabilities. A fundamental engineering
question for future wind turbine designs is determining how flexible blades may become,
while avoiding aeroelastic instabilities.
Modern wind turbines are typically three-bladed and upwind. However, twobladed downwind configurations are an alternative to the traditional design and offer
potential benefits [6]. In upwind designs, the blades need to be sufficiently stiff to prevent
impact with the tower in cases of extreme wind. In downwind configurations, since the
blades bend away from the tower, more flexible blades could be utilized. This results in a
potentially lighter blade design with less loading. But as with the trend of increased rotor
sizes, transitioning to downwind configuration with more flexible blades increases the
possibility of flow-induced instabilities.
One of the destructive aeroelastic instabilities that can occur in a flexible structure
subjected to aerodynamic loading is coupled-mode flutter. Coupled-mode flutter is a
result of the coalescence of structural modes due to variation in one of the system
parameters, e.g., flow velocity. Classical flutter is a possible dynamic instability in pitchregulated wind turbine blades operating in the attached flow regime.
Most numerical models used for flutter prediction of wind turbine blades rely on a
number of simplifications, such as modeling the blade as a 2D airfoil, assuming uniform
structural and aerodynamic properties and a simplified unsteady flow [7-9]. Different
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analysis tools have been used to approximate the stability limits of Megawatt-size (MW)
wind turbine blades. Lobitz [8, 10] used a flutter prediction tool, based on NASTRAN
and studied an isolated horizontal-axis wind turbine blade rotating in still air. Hansen [11]
used the HAWCStab stability tool, assumed rotation in still air and zero blade pitch.
Owens et al. [12] employed the BLAST design tool, an extension of the NASTRANbased flutter tool, to estimate the onset of flutter. All previous studies assumed
deterministic system parameters ignoring the influence of inherent uncertainties due to
the manufacturing process on the onset of dynamic instability. Additionally, no
experimental study has been carried out to address the coupled-mode flutter instability for
horizontal axis wind turbine blades and thus there is a lack of an experimental basis to
use for validation of the numerical models.
The aim of this research is to thoroughly investigate the issue of coupled-mode
flutter in flexible wind turbine blades. The goals are:


Provide a theoretical model to estimate the onset of instability for wind turbine
blades,



Perform parametric studies to identify the major structural parameters governing the
onset of flutter,



Conduct stochastic analysis to study the influence of uncertainty in the system
parameters on the flutter onset,



Develop a reliability method to predict the flutter probability accurately,



Study the coupled mode flutter characteristics in fixed and rotating highly flexible
airfoils numerically and experimentally.
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The thesis is organized as follows: Chapter 2 contains a brief summary of the
fundamentals of coupled-mode flutter instability and a review of the main studies
conducted by other researchers. Chapter 3 discusses a three-dimensional theoretical
model to study the stability of three different MW-sized wind turbine blades. A
parametric study is performed to evaluate the effects of various structural properties on
the onset of flutter. Chapter 4 focuses on the influence of uncertainty in the system
parameters (flow forces and structural properties) on the flutter onset through performing
Monte Carlo simulations. Chapter 5 introduces various reliability methods to estimate the
flutter probability, and the efficiency of each method is evaluated by comparing their
results to Monte Carlo simulations. Chapter 6 discusses the flutter characteristics of fixed
and rotating highly flexible airfoils both numerically and experimentally. Chapter 7
discusses wind tunnel experiments of a rotating flexible wind turbine blade to find its
onset of the dynamic instability. Chapter 8 outlines the conclusions and future work.
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CHAPTER 2
BACKGROUND

2.1 Wind turbine instability
Wind turbine blade instability can result in failure of the wind turnine structure.
Hansen [11] has reviewed the major studies on aeroelastic instabilities of wind turbines.
He identified classical aeroelastic flutter and stall-induced vibrations as possible dynamic
instabilities in pitch-regulated and stall-regulated wind turbine blades, respectively.
Constant-speed stall control and variable-speed pitch control are the major power control
mechanisms for wind turbines. In pitch-regulated wind turbines, the blade’s pitch is set at
a very low angle at speeds lower than the rated wind speed and then the blade’s pitch
angle is changed, by turning the blade around its own axis, to provide power smoothing
in high winds [6]. In stall-regulated turbines, the blades are designed to operate near the
optimal tip speed ratio at low wind speeds, so as the wind speed increases, a large part of
the blade, starting at the root, enters the stall region and thus, the loadings on the blades
are much higher [6]. Variable-speed pitch-regulated wind turbines are the dominant
power control scheme among modern horizontal axis wind turbine blades, since they
offer better energy capture while alleviating the loading on the structure [13].

2.2 Classical flutter of 2D airfoils
Flutter may occur in flexible structures subjected to aerodynamic loading and is
caused by the coalescence of two structural modes. To describe the physical
phenomenon, a simple two degree of freedom airfoil is assumed. A schematic
representation of a two-dimensional airfoil section is presented in Figure 2-1. The airfoil
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has two natural modes of vibration: pitch and plunge. The pitch mode is the rotational
mode and the plunge mode is the vertical up and down motion. At low wind speeds, if
the airfoil is disturbed, the oscillation dies down and the airfoil goes back to its initial
position. As the wind speed increases, at a critical speed, the structure obtains negative
damping and is no longer able to dissipate the energy, so if disturbed it oscillates in both
the pitch and plunge directions with the same frequency. Beyond this critical flutter
speed, the instability is self-excited and self-limiting and the amplitude of oscillations
increases by increasing the wind speed [14].
Many researchers have investigated the instability of 2-D airfoils and plates. Different
nonlinear structural models have been proposed for 2D airfoils, such as cubic and bilinear
structural nonlinearities [15-18].

Figure 2-1. Illustration of a pitch and plunge airfoil [19].
A simple assumption to describe the aerodynamic loading on an airfoil is the
“steady flow” assumption, where the lift and moment are only functions of the pitch
angle:

L  Cl bu 2 ,

(1.1)

M  M1 4  b(1 2  a) L,

(1.2)
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where L and M are the resultant lift force and pitching moment due to the aeroelastic
interactions; M1/4 is the pitching moment at quarter chord; ρ∞ is the density of air; u is the
flow speed; b(1/2+a) is the distance between the elastic axis and the aerodynamic center;
CLα is the slope of the lift coefficient curve versus the angle of attack in the attached flow
region. For a flat plate, CLα is equal to 2π. However, when an airfoil is oscillating
sufficiently rapidly, the angle of attack is not simply equal to the pitch angle anymore,
thus, an unsteady theory is needed to describe the aerodynamic loading properly. An
unsteady aerodynamic theory needs to account for the following facts [20]:


Due to the unsteady motion of the airfoil, the direction of relative wind and thus
the airfoil’s effective angle of attack changes.



The airfoil motion causes a vortex to be shed at the trailing edge [21], which
changes the airfoil’s effective angle of attack.



When the airfoil has nonzero acceleration, the surrounding air particles are
accelerated, which results in inertial forces opposing its acceleration.
Theodorsen’s unsteady thin airfoil theory [22] describes aerodynamic lift and

pitching moment of an airfoil undergoing simple harmonic oscillations in incompressible
flow. The derivation of the equations is presented in [23]. According to the Theodorsen’s
theory, the pitching moment and the lift for an oscillating 2D airfoil are given as [22]:
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where, ρ∞ is the density of air; u is the flow speed (u=xω at each cross section); b is the
half chord length; a is the distance between the elastic axis and the mid-chord, divided by
b; CLα is the slope of the lift coefficient curve versus the angle of attack in the attached
flow region, and C(k) is the Theodorsen function, which is a complex-valued function of
the reduced frequency, k, where k=(b ωf)/u, and ωf =2π ff is the airfoil frequency of
oscillation. Theodorsen’s function is defined as:

C (k ) 

H1(2) (k )
H1(2) (k )  i H 0(2) (k )

,

(1.5)

(2)
where H1 (k ) is the Hankel function of the second kind. The complex-value

Theodorsen function can be written as:

C (k )  F (k )  iG(k ),

(1.6)

where F(k) and G(k) contain the real part and imaginary part of C(k). Both functions’
variations with respect to k are shown in Figure 2-2.
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Figure 2-2. Variation of the real and imaginary parts of C(k) with respect to the reduced
frequency, k.

For the steady case where there is no oscillation and k equals to zero, C(k) is real
and equals to 1. As k grows in amplitude, the imaginary part of C(k) increases while the
real part decreases, so the effect of C(k) on any function is the creation of a phase lag and
the reduction of its magnitude. In practice k is usually less than unity [24].
As Equation (1.3) shows, the unsteady lift consists of two parts: the first part is
the circulatory lift consisting of the effective angle of attack multiplied by C(k) to account
for the shed vorticity, and the second part is the non-circulatory lift consisting of the
effects of the apparent mass and apparent rotational inertia. Between these two terms, the
circulatory lift plays a major role in the oscillation of the airfoil.
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Aerodynamic loadings can be modeled as steady, quasi-steady and unsteady. To
model unsteady flow, at each flow velocity the real part and imaginary part of C(k) are
evaluated and then inputted to a model. To model quasi-steady flow, the frequency of

Figure 2-3. Dimensionless critical flutter speed estimated using steady, quasi-steady and
unsteady theory [8].

oscillation is assumed to be zero (k =0), so that there is no phase lag between the pitching
and plunging motions (C(k) equals to unity). To model the steady flow the frequency of
oscillation is set to zero (C(k)=1), and all the terms containing flapwise or torsional
motion derivatives (𝑤,̇ 𝑤,̈ 𝜑̇ and 𝜑̈ ) are removed.
Lobitz [8] conducted a numerical study on flutter of 2D airfoils. He used different
aerodynamic theories and studied their effects on the onset of instability. As shown in
Figure 2-3, Lobitz observed that the lowest critical speed is obtained using the complete
unsteady Theodorsen’s theory and any kind of simplification resulted in an
underprediction of the flutter critical speed.
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Hansen [11] has studied the effect of chordwise position of the center of gravity
for different torsional frequencies on the onset of instability of a 2D airfoil. Figure 2-4
shows a sample eigenvalue plot for a 2D airfoil experiencing flutter instability.

(a)

(b)

Figure 2-4. (a) Effect of the position of the center of gravity on the stability limit, and (b)
eigenvalue plot for a 2D airfoil versus wind speed [11].

As flow speed increases, the torsional and flapwise modes merge toward each
other and at the critical flow velocity, the system obtains a negative damping. He also
showed that by reducing the torsional natural frequency and moving the center of gravity
farther from the elastic axis toward the trailing edge, the critical flutter speed decreases.
Also, if the elastic axis is situated behind the center of gravity (toward the trailing edge),
instead of experiencing flutter instability, the airfoil experiences divergence (static)
instability.

2.3 Classical flutter of wings
Many researchers have studied limit cycle oscillations of airplane wings.
Landsberger and Dugundji [25] carried out experiments on cantilevered flat
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graphite/epoxy laminate plates with 12 inch span and 3 inch chord. They explored the
effects of angle of attack of wing on the onset of flutter and showed that classical
coupled-mode flutter occurs at low angles of attack and stall-flutter at higher angles of
attack.
Tang and Dowell [26] examined the flutter instability and forced response of a
rigid non-rotating helicopter blade with structural nonlinearities (free-play and parabolic
moment-rotation relationships) experimentally and numerically. The flutter mode was
found to be pitch dominated. Tang and Dowell [27] also studied the aeroelastic behavior
of a non-rotating flexible rotor blade with torsional spring at the root numerically and
experimentally. Flutter was observed and it was dominated by the pitch degree of
freedom. They showed that increasing the angle of attack reduces the critical flutter
speed. Patil et al. [28] conducted a nonlinear analysis for High-Altitude Long-Endurance
(HALE) aircraft wings. The wing had an aspect ratio of 32 and almost identical edgewise
and torsional natural frequencies. The flutter mode was found to be a torsion/edgewise
mode. They also found that the torsional and edgewise modes are affected greatly by tip
displacement, while the flapwise modes remained unaffected. Patil et al. [29] also studied
the post-flutter behavior of the high aspect ratio wing described in [28] undergoing limit
cycle oscillations (LCOs) numerically. They observed that the LCOs could be initiated at
flow velocities lower than the onset given a critical disturbance magnitude (i.e., a
subcritical instability) as shown in Figure 2-5. Tang and Dowell [30] studied the
hysteresis phenomenon in the limit cycle response of a wing model with an aspect ratio
of 9 and an attached slender body at the tip. The LCO hysteresis behavior was observed
both experimentally and numerically. Tang and Dowell [31] found that the flutter mode
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was due to the coupling of the 2nd flapwise and the 1st torsional mode. They also observed
that increasing the angle of attack resulted in large static deflections, which increased the

Figure 2-5. The LCO boundary in the airspeed versus tip-displacement space:- - -,
boundary of the unstable equilibrium; ─, boundary of the unstable disturbance about zero
equilibrium [29].

torsional natural frequency and thus delayed the flutter onset. Patil and Hodges [32]
studied the effect of geometrical nonlinearities on the flutter characteristics of a high
aspect ratio wing described in [28]. They concluded that the dynamic behavior of the
wing and thus the onset of flutter were affected significantly by the large deflections.
Flight dynamic of an entire HALE aircraft has also been studied by a number of
researchers [33-37].

2.4 Classical flutter of wind turbine blades
Large wind turbine blades are flexible structures and have high aspect ratios. The
highly nonlinear interactions between the flexible blade and the flow around it make the
blades susceptible to various dynamical instabilities. Historically, classical aeroelastic
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flutter has not been a driving issue in wind turbine blade design, but with the growing
trend of larger and more flexible blades, flutter may become a major design
consideration.
According to linear models [8, 38, 39], as blades become longer, the ratio of the
estimated flutter rotor speed to the operating rotor speed decreases, and it becomes more
likely for the blade to experience flutter during operation. Table 2-1 lists previous studies
on estimating MW-size wind turbine blade onset of instability.

Table 2-1. Previous studies on estimating the onset of instabilities for MW-size wind
turbine blades.

WindPACT 1.5MW

Blade
length
33 m

Critical flutter
speed
42.3 rpm

Hansen [11]

NREL 5MW

63 m

24 rpm

Owens and Griffith [12]

SNL 100-00

100 m

13.05 rpm

Reference

Blade

Lobitz [8]

Various tools have been used to quantify the stability limits of MW size wind
turbine blades. Lobitz [8] employed a NASTRAN-based flutter prediction tool to perform
flutter analysis of an isolated horizontal axis wind turbine blade rotating in still air. This
tool was originally developed for analyzing vertical-axis wind turbine blades. He studied
the WindPACT 1.5MW blade [40] and predicted a critical flutter speed of 42.3 rpm and a
flutter frequency of 6.234 Hz. Lobitz [10] also studied the effect of scaling on the
stability of wind turbine blades. He chose the WindPACT 1.5MW blade [41] and the GX100, a 9.2 meter blade. He showed that the WindPACT 1.5MW blade experiences flutter
at a lower rotor speed by reducing the ratio of the torsional frequency to the 2 nd flapwise
frequency, as well as moving the chordwise location of the center of mass of the blade aft
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of the elastic axis. Hansen [11] has studied aerodynamic instabilities for the NREL 5MW
blade [42] using the HAWCStab stability tool. HAWCStab is based on aeroelastic
eigenvalue analysis and utilizes linearization of the nonlinear aeroelastic model about the
undeformed blade. He assumed rotation in still air and zero blade pitch

Figure 2-6. Eigenvalue plots of an isolated NREL 5MW blade rotating in still air [6].

to ensure low angles of attack along the blade. The onset of flutter for the blade was
predicted to be at 24 rpm. Figure 2-6 shows the obtained eigenvalue plots for the blade.
He performed a full turbine analysis as well, which showed a very similar result. Resor et
al. [38] studied the SNL 100-00 blade [39], a 100-meter blade with a rated power of
13.2MW using the same method as Lobitz [2]. They assumed that the values for the halfchord length, aerodynamic center and elastic axis location were constant along the span
of the blade. The instability point was estimated at a rotor speed of 9.37 rpm. They also
showed that the SNL 100-00 blade experiences flutter at higher rotor speeds when its
weight is reduced. Owens & Griffith [12] employed the BLAST design tool, an extension
of the NASTRAN-based flutter tool, to estimate the onset of Instability of the
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WindPACT 1.5MW and the SNL 100-00 blade. Flutter onset was observed at 40.6 rpm
and 13.05 rpm for the WindPACT and SNL 100-00 blades, respectively.
No experimental study has been carried out to study classical flutter for
Horizontal axis wind turbine blades. The only experimental study for flutter instability of
Vertical Axis Wind Turbine (VAWT) was conducted by Lobitz and Ashwill [43]. For a 2
meter VAWT rotating in still air, the flutter onset was observed at 745 rpm (compared to
the theoretical prediction of 680 rpm).

16

`
CHAPTER 3
A PARAMETRIC STUDY OF COUPLED-MODE FLUTTER FOR MW-SIZE
1
WIND TURBINE BLADES
With the increasing size of offshore wind turbine rotors, the design criteria used
for the blades may also evolve. Current offshore technology utilizes three relatively stiff
blades in an upwind configuration. With the goal of minimizing the mass, there is an
interest in the lightweight rotors that instead utilize two flexible blades oriented
downwind. These longer blades are more flexible and thus susceptible to experience
flow-induced instability. Coupled-mode flutter is one of the destructive aeroelastic
instabilities that can occur in flexible structures subjected to aerodynamic loading. Due to
variation in one of the system parameters, e.g., flow velocity, structural modes coalesce at
a critical flow velocity and coupled-flutter occurs. In the present chapter, a parametric
study is conducted in order to study the influence of the natural frequencies in the
torsional and flapwise directions on the critical flutter speed for wind turbine blades.
Three MW-size wind turbine blades are studied using a three-dimensional blade model,
which includes coupled flapwise and torsional displacements. The results show that the
three blades have very similar behavior as the system parameters vary. It is shown that
the first torsional natural frequency, and the ratio of the first torsional natural frequency
to the first flapwise natural frequency are the most critical parameters affecting the onset
of instability. Critical flutter speeds even lower than the blade rated speed can be
observed for blades with low torsional natural frequencies.

1

The results discussed in this chapter have been published in the Wind Energy. P.
Pourazarm, Y. Modarres-Sadeghi, and M. Lackner, A parametric study of the coupledmode flutter for the MWsize wind turbine blades.
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3.1 Introduction
The size of wind turbine rotors has increased rapidly in the past decades to extract
more power from the wind. This trend is especially prominent in the offshore
environment due to the higher and more consistent wind speeds, and fewer noise and
space restrictions. Modern commercial 5MW wind turbines have blade lengths over 60
m, and prototype turbines currently under development with ratings of 8-10MW may
have blade lengths of 80 m or greater. While increasing the blade length has the clear
benefit of increased energy capture, this trend also leads to new challenges, such as
manufacturing, transportation, and others. A particular challenge that is the focus of the
current chapter is the increase in the blade’s flexibility with length. Increased flexibility
causes a greater likelihood of flow-induced instabilities. A fundamental engineering
question for future wind turbine designs is determining how flexible blades may become,
while avoiding aeroelastic instabilities.
Large wind turbine blades are flexible structures and have high aspect ratios. The
highly nonlinear interactions between the flexible blade and the flow around it cause
blades to be prone to various dynamical instabilities. Hansen [11] has reviewed the major
studies on aeroelastic instabilities of wind turbines. He identified classical aeroelastic
flutter as a possible dynamic instability in pitch-regulated variable-speed wind turbine
blades operating in the attached flow regime. Flutter may occur in flexible structures
subjected to aerodynamic loading and is caused by the coalescence of two structural
modes. Historically, classical aeroelastic flutter has not been a driving issue in wind
turbine blade design, but with the growing trend of larger and more flexible blades, flutter
may become a major design consideration.
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To approximate the onset of flutter, some numerical models rely on a number of
simplifications, such as modeling a blade as a 2D airfoil, assuming uniform structural
properties, and simplified unsteady flow [7-9]. According to linear models [8, 38, 39], as
blades become longer, the ratio of the estimated flutter rotor speed to the operating rotor
speed decreases, and it becomes more likely for the blade to experience flutter during
operation.
Several researchers have used various analysis tools to quantify the stability limits of
MW-size wind turbine blades. Lobitz [8] employed a NASTRAN-based flutter prediction
tool to perform flutter analysis of an isolated horizontal axis wind turbine blade rotating
in still air. This tool was originally developed for analyzing vertical-axis wind turbine
blades. He studied the WindPACT 1.5MW blade [40] and predicted a critical flutter
speed of 42.3 rpm (2 times its rated rotor speed) and a flutter frequency of 6.234 Hz.
Lobitz [10] also studied the effect of scaling on the stability of wind turbine blades. He
chose the WindPACT 1.5MW blade [41] and the GX-100, a 9.2 meter blade. He showed
that the WindPACT 1.5MW blade experiences flutter at a lower rotor speed by reducing
the ratio of the torsional frequency to the 2nd flapwise frequency, as well as moving the
chordwise location of the center of mass of the blade aft of the elastic axis. Hansen [11]
studied aerodynamic instabilities for the NREL 5MW blade [42] using the HAWCStab
stability tool. HAWCStab is based on aeroelastic eigenvalue analysis and utilizes
linearization of the nonlinear aeroelastic model about the undeformed blade. He assumed
rotation in still air and zero blade pitch to ensure low angles of attack along the blade.
The onset of flutter for the blade was predicted to be at 24 rpm (2 times its rated rotor
speed). He performed a full turbine analysis as well, which showed a very similar result.
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Resor et al. [38] studied the SNL 100-00 blade [39], a 100-meter blade with a rated
power of 13.2MW using the same method as Lobitz [2]. They assumed that the values for
the half-chord length, aerodynamic center and elastic axis location were constant along
the span of the blade. The instability point was estimated at a rotor speed of 9.37 rpm (1.3
times its rated rotor speed). They also showed that the SNL 100-00 blade experiences
flutter at higher rotor speeds when its weight is reduced. Owens & Griffith [12] employed
the BLAST design tool, an extension of the NASTRAN-based flutter tool, to estimate the
onset of instability of the WindPACT 1.5MW and the SNL 100-00 blade. Flutter onset
was observed at 40.6 rpm (2 times its rated rotor speed) and 13.05 rpm (1.75 times its
rated rotor speed) for the WindPACT 1.5 MW and SNL 100-00 blades, respectively.
In the present chapter, a theoretical model based on a set of coupled flexural-torsional
continuous beam equations subjected to unsteady aerodynamic loadings is used to study
the stability of three different MW-size wind turbine blades: the WindPACT 1.5MW,
NREL 5MW, and SNL 100-00. A parametric study is performed to evaluate the effects of
the blade flapwise and torsional natural frequencies, their ratio, and the cross-sectional
mass offset of the blades on the onset of instability. Previous studies focused on a specific
blade, and in some cases, the influence of one or two parameters on the stability of a
specific blade was considered. The goal of the present chapter is to provide a complete
parametric study for each of these reference blades over a wide parameter range, and to
demonstrate how the conclusions are general across the considered blades. The numerical
method discussed here is computationally very efficient, which makes the desired
comprehensive parametric study possible. The results provide insight into the influence
of these structural properties on the onset of flutter and quantitative measures for cases in
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which flutter is a design concern. The results can help evaluate the limits of flow-induced
instabilities for the future wind turbine blades, which will be larger and therefore more
flexible.

3.2 Equations of motion
Wind turbine blades are high aspect ratio structures and can be modeled as
cantilevered beams. The differential equations of motion describing deformations of a
beam rotating in the flapwise, edgewise and torsional directions with a constant angular
velocity are derived in [44]. The equations are intended for moderate to high aspect ratio,
straight beams with isentropic properties undergoing moderate displacements. As shown
in Figure 3-1, there is no assumption made regarding the positions of the mass centroid or
the area centroid axes, both of which could be offset from the elastic axis. The equations
are also valid for tapered beams with non-uniform cross-sectional mass and stiffness
properties. The equations are accurate to the second order based on the assumption that
(i) the squares of the bending slopes, (ii) the thickness to beam length ratio (t/L), and (iii)
the chord to beam length ratio (2b/L) are negligible with respect to unity [44].

Area centroid axis

Elastic axis

Figure 3-1. Schematic of a taper beam with the area centroid axis offset from the elastic
axis.
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Since the focus of the current study is on flutter instability, only deformations in
the flapwise and torsional directions are considered. To ensure an attached flow
condition, it is assumed that the blade is rotating with constant angular velocity in still air
and has zero twist. The resulting equations in the torsion and flapwise directions are:
L
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where, φ and w represent the torsional and flapwise bending displacements, respectively;
G is the shear modulus of elasticity; J is the torsional stiffness constant; ρ is the blade
density and A its cross-sectional area; Km is the polar radius of gyration of the crosssection about the elastic axis; Km1 and Km2 are the mass radii of gyration about the major
neutral axis and an axis perpendicular to the chord through the elastic axis, respectively;
m is mass of the beam per unit length; e is the distance between the mass (and area)
centroid and the elastic axis (mass offset); E is the Young’s modulus of elasticity; 𝐼 is the
bending moment of inertia; ω is the angular rotor speed, and L and M are the resultant lift
force and pitching moment due to the aeroelastic interactions.
To express the unsteady aerodynamic loading acting on each blade element,
Theodorsen’s theory is used. According to Theodorsen’s theory, the pitching moment and
lift for an oscillating 2D airfoil are given as [22]:
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where, ρ∞ is the density of air; u is the flow speed (u=xω at each cross section); b is the
half chord length; a is the distance between the elastic axis and the mid-chord, divided by
b; CLα is the slope of the lift coefficient curve versus the angle of attack in the attached
flow region, and C(k) is the Theodorsen function, which is a complex-valued function of
the reduced frequency, k, where k=(b ωf)/u, and ωf=2π ff is the airfoil frequency of
oscillation.
Equations (2.1)-(2.4) are non-dimensionalized and take the following forms:
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in which the following dimensionless parameters are used:
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where, b0 , A0 , J 0 , I 0 are the semi-chord, cross-sectional area, torsional stiffness constant
and the bending moment of inertia at the root of the blade and   EI 0  A0 L4 .

3.3 Method of solution
To solve the coupled partial differential equations of motion (2.5)-(2.8), first the
Galerkin method is used to discretize the equations spatially. The torsional and flapwise
bending displacements are written as:
N

 ( x, t )   ( x)q (t ),

(2.10)

n 1

M

w( x, t )  w ( x)qw (t ),

(2.11)

n 1

where ϑφ(x) and ϑw(x) are the torsional and flapwise mode shapes, respectively; N and M
are the number of modes in the torsional and flapwise directions, respectively, and qφ and
qw are the generalized coordinates in their corresponding directions.
Uncoupled torsional and bending mode shapes of a cantilevered beam with a
variable cross-section are used as the base functions. These mode shapes are obtained
using the finite element method by dividing the beam structure into a number of
elements. For each beam element, the length (L), the flexural properties, EI and GJ, the
cross sectional mass per unit length, ρA, and the radius of gyration, Km, are used to obtain
the local mass and stiffness matrices. These local matrices are then assembled into global
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matrices, which are used to calculate the eigenvalues (natural frequencies) and the
eigenvectors (mode shapes).
To clarify the method, the steps to derive the torsional and flapwise natural
frequencies and mode shapes are explained here. The torsional local stiffness and mass
matrices are obtained as:

Klocal 
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,
L  1 1 

(2.12)

2   1   
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,
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where μ=1/2. These local matrices are then assembled into global matrices using the
common nodes. For example for a two-element structure, the global matrices are defined
as:
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We repeat similar steps to obtain local mass and stiffness matrix for flexural mode

shape of a beam element.
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the local matrices will be assembled into a global matrices using the common nodes.
Here is an example for a two-element structure:
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M global 
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where 𝑚1 = 𝜌𝐴1 and 𝑚2 = 𝜌𝐴2 .
Then, the eigenvalues and eigenvectors are calculated as:
1

 M global    K global   [ ]  [V],

(2.20)

where [λ] is a diagonal matrix of eigenvalues and [V] is the eigenvector matrix with its
columns corresponding to the mode shapes for each eigenvalue.
Figure 3-2 shows the mode shapes in the flapwise and torsional directions for a uniform
beam and the NREL 5MW blade calculated using a 200-element structure. Equations
(2.10) and (2.11) are substituted into Equations (2.5) to (2.8), and then each equation is
multiplied by its corresponding eigenfunction and integrated over the length of the blade.
This transformation leads to an eigenvalue problem, which is then solved in order to
study the stability of the rotating blade. The Theodorsen function, C(k), is a function of
the flutter frequency, which is the response of the structure to the aerodynamic loadings.
To determine the actual value of C(k), an iterative method is used by guessing an initial
value for ωf and then updating the value with respect to the calculated flutter frequency
until the two values converge. In this chapter three blades are studied: the WindPACT
1.5MW, NREL 5MW and SNL 100-00. The WindPACT 1.5MW blade was designed in
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Figure 3-2. Comparison between the mode shapes for a beam with a constant crosssection (dashed line) and mode shapes for the NREL 5MW blade (solid line): (a) 1st
flapwise mode, (b) 2nd flapwise mode, (c) 3rd flapwise mode, (d) 4th flapwise mode, (e) 1st
torsional mode.
2002 by Sandia National Laboratories, and is representative of commercial utility-grade
onshore wind turbines. The 5MW NREL baseline offshore turbine is representative of
typical utility-scale offshore wind turbines, and is used frequently by researchers in order
to study various aspects of modern offshore wind turbines. The SNL 100-00 is an
innovative all-glass wind turbine blade desinged by Sandia to promote designs that are
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aerodynamically, structurally and economically more efficient. The origin of the blade
concept was a scaled-up version of a 5MW blade design [38]. The SNL 100-00 blade is
developed for a 13.2MW horizontal axis wind turbine, employs only fiberglass composite
material, and is significantly longer than the largest commercial blades.

Table 3-1

summarizes the physical properties and the rated operational specifications of each blade.
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Figure 3-3. Chord variation (black solid line), position of the mass centroid (black dashed
line), and elastic axis (grey solid line) for (a) WindPACT 1.5MW [40], (b) NREL 5MW
blade [42], and (c) SNL 100-00 blade [45].
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Table 3-1. Geometry and the rated operational specification for the WindPACT 1.5MW,
NREL 5MW and SNL 100-00 blades.
Blade

Chord
(m)

Length
(m)

Mass
(kg)

Rated power
(MW)

Rated speed
(rpm)

WindPACT 1.5MW

2.7

33.25

3,912

1.5

20.5

NREL 5MW
SNL100-00

4.6
7.6

61.5
100

17,740
114,172

5
13.2

12.1
7.44

Figure 3-3 shows the chord variation, as well as the position of the mass centroid and the
elastic axis along the span for each blade [40, 42, 45].

3.4 Model validation and the onset of instability for the analyzed blades
In order to validate the theoretical aeroelastic stability model discussed in Section
3.1, the natural frequencies and the flutter critical speeds and frequencies of each blade
are calculated and compared with previous studies. In the analysis, each blade is divided
into 200 elements, and the flapwise and torsional natural frequencies and mode shapes
are calculated using the method discussed in Section 3.3. Table 3-2 lists the calculated
natural frequencies for the WindPACT 1.5MW, which are all very close to what Lobitz
[8] and Owens et al.[12] have reported. In order to predict the flutter speed, 10 flapwise
and 10 torsional modes are used (N=M=10) to perform the Galerkin discretization. A
coupled-mode flutter is observed, in which the 1st torsional mode merges with the 3rd
flapwise mode at a rotor speed of ωf = 45.45 rpm, resulting in flutter with a frequency of
ff = 6.58 Hz.
Table 3-3 shows that the critical flutter speed and the flutter frequency obtained
for the WindPACT 1.5MW blade here are very close to the values already reported in the
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literature. The predicted flutter speed is slightly higher, and the flutter frequency falls in
between the values that Lobitz [8] and Owens et al. [12] have reported.

Table 3-2. The natural frequencies derived in the current study and the previous studies
for the WindPACT 1.5MW blade.
Natural frequency
(Hz)
st
1 flapwise
2nd flapwise
3rd flapwise
1st torsional

Lobitz [8]

Owens et al. [12]1

Current study

1.233
3.650
-9.289

-3.68
7.87
9.06

1.231
3.675
7.998
9.120

Table 3-3. The critical flutter speed and flutter frequency derived from the current study
and previous studies for the WindPACT 1.5MW blade.
Lobitz [8]

Owens et al. [12]

Current study

Critical speed (rpm)

42.3

43.4

45.45

Flutter frequency (Hz)

6.234

6.743

6.58

--: No value reported.
1
The presented natural frequencies from Owens et al. [12] were obtained approximately
using the provided eigenvalue plots in their chapter.
Table 3-4. The natural frequencies derived in the current study and the previous studies
for the NREL 5MW blade.
Frequency (Hz)

Jonkman [42]

Hansen [11]

1st flapwise
2nd flapwise
3rd flapwise
1st torsional

0.7
2.02
---

0.7
1.8
3.6
8

--: No value reported.
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Meng [46] Current study
0.72
2.05
4.37
5.62

0.64
1.86
4.34
5.39

`
Table 3-4 compares the first four uncoupled natural frequencies of the NREL
5MW blade, obtained from the current study and three previous studies. The first two
frequencies in the flapwise direction are in close agreement with all previous results. The
3rd flapwise and the 1st torsional natural frequencies are very close to Meng’s results [46],
which is the most recent study on the NREL 5MW blade.
Figure 3-4 shows the frequency and damping ratio (real part of the eigenvalue
divided by the imaginary part) corresponding to each mode versus the rotor speed for the
NREL 5MW blade. As the rotor speed increases, the natural frequencies of all modes
change. At a rotor speed of ωf = 20.7 rpm, the first torsional mode is coupled with the
third flapwise mode, resulting in a negative damping that leads to a coupled mode flutter
with a frequency of

ff =3.6 Hz. Table 3-5 compares the results for the NREL 5MW

blade from the current study with previous studies. Similar to Hansen’s prediction, the 1st
torsional mode and the 3rd flapwise mode are coupled. The critical flutter speed predicted
here is very close to that predicted by Meng [46], despite the fact that he predicted a
coupling of the 1st torsional and the 2nd (instead of the 3rd) flapwise modes. The predicted
frequency of oscillation falls between the values predicted in the other two studies.
Table 3-5. The critical flutter speed and the flutter frequency derived in the current study
and the previous studies for the NREL 5MW blade.

Flutter modes
Critical speed (rpm)
Flutter frequency (Hz)

Hansen [11]
1 torsion 3rd flap
24.0
4.1
st
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Meng [46]
1 torsion 2nd flap
19.1
3.4
st

Current study
1 torsion 3rd flap
20.7
3.6
st

`
Table 3-6. The natural frequencies derived from the current for the SNL 100-00 blade.
Natural frequency (Hz)
1st flapwise
2nd flapwise
3rd flapwise
1st torsional
--: No value reported.

Owens et al. [12]1
--2.65
3.60

Griffith et al. [45]
0.42
----

Current study
0.425
1.213
2.672
3.582
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Figure 3-4. (a) Frequency and (b) damping ratio of different modes versus the rotor speed
for the NREL 5MW blade.

Table 3-6 lists the calculated natural frequencies for the SNL 100-00 blade in the
current study and two previous studies. The calculated natural frequencies are very
similar to the ones obtained from [12]. The lowest flapwise frequency reported in [45] is
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0.42 Hz, which is very near the value found in the current study. As the rotor speed
increases, the 1st torsional mode merges with the 3rd flapwise mode at a rotor speed of
ωf = 16.91 rpm, leading to a coupled-mode flutter with a frequency of ff = 2.42 Hz. Table
3-7 shows that the estimated flutter frequency for the SNL 100-00 blade is very close to
the previous studies. There is a discrepancy in the reported critical flutter speeds and the
current study, however. The previous studies predict a lower critcal speed, due to
different assumptions in their models. Resor et al. [38] used a legacy flutter tool [8] and
assumed constant values for the half-chord length, aerodynamic center, and the elastic
axis location along the span of the blade. They estimated a critical flutter speed of ωf
=9.37 rpm. Owen et al. [12] used BLAST, which is an extension of the legacy flutter
tool, and utilized a real value representation of aerodynamic loading instead of a complex
representation. They estimated a critical flutter speed of ωf =13.05 rpm.
According to the results presented in Table 3-3, Table 3-5 and Table 3-7 among
these three blades, the NREL 5MW blade has the lowest safety margin for flutter
instability with a dimensionless rotor speed of 1.61. The WindPACT and SNL 100-00
blades have almost the same dimensionless rotor speed of 2.22, implying a higher safty
margin.

Table 3-7. The critical flutter speed and flutter frequency derived from the current study
and the previous studies for the SNL 100-00 blade.
Resor et al. [38] Owens et al. [12] Current study
Critical speed (rpm)
9.37
13.05
16.91
Flutter frequency (Hz)
2.10
2.77
2.42
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3.5 The influence of the blade natural frequencies on the observed dynamic
instability
As discussed in Section 3.4, the flow-induced instabilities of the wind turbine
blades are of the coupled-mode kind, in which the first torsional mode couples with one
of the flapwise modes. Thus, if the natural frequencies change, the onset of instability
will change for the same oncoming wind speed. In this section, the influence of changing
the natural frequencies on the onset of instability is studied for the three model blades
considered in this study. The natural frequencies are varied such that the overall geometry
of the blades remains unchanged, and therefore the aerodynamic forces acting on the
blades do not change, making it possible to investigate the changes of the onset of flowinduced instabilities due to the structural properties of the blade only.
The influence of the natural frequencies is studied by (i) varying both the flapwise
and torsional natural frequencies proportionally, (ii) keeping the flapwise natural
frequency constant and varying the torsional natural frequency, and (iii) keeping the
torsional natural frequency constant and varying the flapwise natural frequency.
The first flapwise natural frequency of the blade is proportional to the square root
of the flexural rigidity of the blade, and inversely proportional to the square root of its
mass per unit length, and its length squared:

F  EI  AL4 ,

(2.21)

while the torsional natural frequency is proportional to the square root of the torsional
rigidity, and inversely proportional to the square root of the mass per unit length, its
length, and its polar radius of gyration:
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T  GJ  AL2 Km2 .

(2.22)

The ratio between the natural frequencies is defined as:



T
 GJ EI  L2 K m2 .
F

(2.23)

The value of  for the three blades discussed here are τ1.5MW 7.4, τ5MW =8.42 and
τSNL =8.43.
In order to change the natural frequenices (increase or decrease) proportionally,
EI, GJ and Km are kept constant and only the mass per unit length, ⍴A, is varied. By
doing so, the natural frequencies in the flapwise direction, ωF, and the torsional direction,
ωT, are scaled proportionally, and therefore the ratio of the natural frequencies, τ, remains
constant.
To capture how the flapwise natural frequencies affect the onset of stability, GJ,

⍴A and Km are kept constant and only the flexural rigidity, EI, is varied. In this case, the
ratio between the two natural frequencies is called τEI and reflects the change in the
natural frequency ratio due to the variation of the flapwise natural frequencies. Similarly,
τGJ and τKm are defined when the ratio of the natural frequencies is varied by changing
only the torsional natural frequencies using the torsional rigidity, GJ, and the polar radius
of gyration, Km, respectively.

3.5.1 Varying the natural frequenices proportionally
The natural frequencies in the flapwise and torsional directions are a measure of
the blade flexibility in those directions. Reducing the flexural rigidity, EI, and increasing
the blade’s mass, ⍴A, or its length, L, result in a lower flapwise natural frequency, which
means a more flexible blade in the flapwise direction. A similar effect applies to the
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flexibility in the torsional direction: reducing the torsional rigidity, GJ, and increasing the
blade mass, ⍴A, its length, L, or its polar radius of gyration, Km, result in a blade with a
smaller torsional natural frequency, which is more flexible in the torsional direction.
The flapwise and torsional natural frequencies of a blade are changed
proportionally by changing the blade’s total mass uniformly along its length. The
resulting natural frequencies are then related to the natural frequencies of the original
blade as:

F* 

 F ,b

, T*  T ,b ,
F ,o
T ,o

(2.24)

where ωF,b and ωT,b are, respectively, the flapwise and torsional natural frequencies of the
modified blade, and ωF,o and ωT,o are the flapwise and torsional natural frequencies of the
original blade. In this study, the critical flutter speed is presented as:
* 

 f ,b
,
 f ,o

(2.25)

where ωf,b and ωf,o are the critical flutter speeds of the modified and the original blade,
respectively. The flutter frequency is reported as:

f* 

fb
,
fo

(2.26)

where fb and fo are the flutter frequencies of the modified and the original blade,
respectively.
Figure 3-5 shows the critical flutter speed and the flutter frequency for all three blades
versus the non-dimensional flapwise and torsional natural frequencies, 𝜔𝐹∗ and 𝜔∗𝑇 . The
full circle corresponds to the critical values for the original blades. In all blades, as 𝜔𝐹∗
and 𝜔∗𝑇 increase, and the blades become less flexible, the critical rotor speed increases.
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Likewise, as F* and T* decrease, the blades become more flexible and the critical rotor
speed decreses. The increase is not drastic up to a value of F* = T* = 2. For higher
dimenionless natural frequenies, the increase is more obvious.. The WindPACT 1.5MW
blade has the highest change in the critical flutter speed, and the SNL 100-00 blade has
the lowest. The straight lines in Figure 3-5 indicate the rated rotor speeds for each blade.
In all of these cases, the critical rotor speed for flutter remains higher than the rated
speed. As shown in Figure 3-5(b) the flutter frequency increases drastically for blades
that are less flexible and thus have higher dimenionless natural frequencies.
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(a)

(b)

Figure 3-5. (a) The critical flutter speed and (b) the flutter frequency versus the
dimensionless flapwise (ω*T ) and torsional (ω*F) natural frequencies for WindPACT
1.5MW blade (grey dots ”..”), NREL 5MW blade (black dashed line ”--”) and SNL 10000 blade (grey solid line ”–“).
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3.5.2 Changing the torsional natural frequency
The natural frequency in the torsional direction can be varied by changing either
GJ or Km. The corresponding ratios of the natural frequencies are defned as τGJ and τKm,
respectivey. In the following two sub-sections, the influence of changing the torsional
natural frequency by varying GJ and Km is discussed.
3.5.2.1 Changing the torsional natural frequency using GJ
In order to study the influence of the torsional natural frequency by varying the
torsional rigidity for the three blades, a dimensionless natural frequency ratio is defined
as:
*
 GJ


 GJ ,b
,
 GJ ,o

(2.27)

where, τGJ,b and τGJ,o are the natural frequency ratios of the blade with a modified
torsional rigidity and the original blade, respectively. Figure 3-6 shows the variation of
∗
the flutter critical speed and flutter frequency versus the natural frequency ratio,𝜏𝐺𝐽
. The

full circles correspond to the values for the original blades. As the natural frequency ratio
decreases, i.e., as the 1st torsional natural frequency gets closer to the 1st flapwise natural
frequency, both the critical flutter speed and the flutter frequency decrease significantly.
∗
This is due to the fact that by decreasing 𝜏𝐺𝐽
, the 1st torsional natural frequency gets

closer to the 2nd (or the 3rd) flapwise natural frequency, and so the coelescence of the two
modes into a flutter mode occurs at a lower critical speed.
∗
∗
Between 𝜏𝐺𝐽
= 0.7 and 𝜏𝐺𝐽
= 0.8, there is a sudden change in the slope, which is

due to the change in the flutter modes from the 1st torsion and the 3rd flapwise modes to
the 1st torsion and the 2nd flapwise modes. In general, the plot can be divided into three
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(a)

(b)

Figure 3-6. (a) Flutter critical speed and (b) frequency versus the natural frequency ratio
(τ*GJ) for WindPACT 1.5MW blade (grey dots ”..”), NREL 5MW blade (black dashed
line ”--”) and SNL 100-00 blade (grey solid line ” – “).
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different regions dependeing on the flapwise mode that is contributing to the flutter
∗
mode. The 1st torsional mode is combined with the 1st flapwise mode (𝜏𝐺𝐽
< 0.3-0.4), in
∗
region (1), the 2nd flapwise mode (0.3-0.4< 𝜏𝐺𝐽
<0.7-0.8) in region (2), and the 3rd
∗
flapwise mode (𝜏𝐺𝐽
>0.7-0.8) in region (3). Figure 3-7 shows three sample argand
∗
∗
∗
diagrams for 𝜏𝐺𝐽
= 0.35, 𝜏𝐺𝐽
= 0.6 and 𝜏𝐺𝐽
= 1, for the NREL 5MW blade, corresponding

to these three regions.
In Figure 3-6(a), the straight lines with constant Ω* indicate the rated rotor speed
for each blade. For each blade, all the cases that fall below this straight line are prone to
experiencing flutter in the operating speed range of the turbine. Therefore, for the
∗
WindPACT 1.5MW and the SNL 100-00 blades in cases with 𝜏𝐺𝐽
< 0.45, flutter is
∗
definitly a major concern and for the NREL 5MW blade, flutter may occur when 𝜏𝐺𝐽
<

0.6.
Section 5.1 discusses the effect of scaling the flapwise and torsional frequencies
proportionally on the onset of instability, and demonstrates that although more flexible
blades experience flutter at a lower speed, the critical speed is never in the operational
range of the rotor speed. This conclusion uses blades with their original natural frequency
ratios. Figure 3-8 shows the change in the flutter critical speed for the NREL 5MW blade
∗
with lower natural frequency ratios, 𝜏𝐺𝐽
, versus the dimensionless flapwise and torsional

natural frequency. The blades with smaller natural frequency ratios experience flutter at
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Figure 3-7. Argand diagrams for (a) τ*GJ =0.35, (b) τ*GJ =0.6, and (c) τ*GJ =1 for the
NREL 5MW blade.
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Figure 3-8. Flutter critical speed versus the dimensionless flapwise (ω*T ) and torsional
(ω*F) natural frequencies for the NREL 5MW blade for τ*GJ =1, τ*GJ =0.8, τ*GJ =0.6 and
τ*GJ =0.4.
lower speeds and in some cases the critical speed falls into the operational range of the
rotor speed.
3.5.2.2 Changing the torsional natural frequency using Km
The torsional natural frequency is inversely propportional to the polar radius of
gyration, Km. The radii of gyration, Km1 and Km2, are cross-sectional structural properties
and corespond to the mass distribution at each cross-section about the elastic axis. The
polar radius of gyration is defined as:
K m2  K m21  K m2 2 

1
 ( y 2 x 2 )dxdy,

m

(2.28)

In order to study the influence of the torsional natural frequency by varying the
polar radius of gyration, a dimensionless natural frequency ratio is defined as

 K* 
m

K
K

m ,b

(2.29)

,

m ,o
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where 𝜏𝐾𝑚 ,𝑏 and 𝜏𝐾𝑚 ,𝑜 are the natural frequency ratios of the blade with modified polar
radii of gyration and the original blade, respectively. Figure 3-9 shows that as 𝜏𝐾∗ 𝑚
decreases both the critical flutter speed and flutter frequency decrease. As the crosssectional mass is distributed farther from the elastic axis, it becomes more likely for the
blade to experience flutter at lower rotor speeds. The jump observed close to 𝜏𝐾∗ 𝑚 =0.7
corresponds to the change in flutter modes: For 𝜏𝐾∗ 𝑚 > 0.7, the 3rd flapwise mode
contributes to the coupled-mode flutter and for 𝜏𝐾∗ 𝑚 < 0.7, the 2nd flapwise mode. As
Figure 3-9 shows, for both the WindPACT 1.5MW and SNL 100-00 blades, the critical
flutter speed remain above the blade’s rated speed. For the NREL 5MW blade, however,
the estimated critical flutter speed gets very close to its rated speed at 𝜏𝐾∗ 𝑚 = 0.4. In
general, reducing the torsional natural frequency using the blade’s torsional rigidity,
instead of the polar radius of gyration, causes a more significant decrease in the critical
flutter speed.

3.5.3 Changing the flapwise natural frequency
To change the flapwise natural frequency, while keeping the torsional natural
frequency constant, the flexural regidity, EI, is scaled uniformly along the length of the
blade. A dimensionless natural frequency ratio is defined as:

 EI* 

 EI ,b
,
 EI ,o

(2.30)

where 𝜏𝐸𝐼,𝑏 and 𝜏𝐸𝐼,𝑜 are the natural frequency ratios of the blade with a modified
flexural rigidity and the original blade, respectively.
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(a)

(b)

Figure 3-9. (a) The critical flutter speed and (b) the flutter frequency versus the natural
frequncy raio (  K* ) for WindPACT 1.5MW blade (grey dots ”..”), NREL 5MW blade
(black dashed line ”--”) and SNL 100-00 blade (grey solid line ”–“).
m
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∗
As the flapwise natural frequencies are increased, i.e. 𝜏𝐸𝐼
decreases, the 1st

flapwise natural frequency gets closer to the 1st torsional natural frequency. Figure 3-10
shows how the critical flutter speed and the flutter frequency vary with changing the 1st
flapwise natural frequency. The plots can be divided into three regions. For
∗
0.75<𝜏𝐸𝐼
<1.2, where the 3rd flapwise natural frequency contributes to the flutter mode,

the change in the critical flutter speed and its frequency is not significant. At a value
∗
∗
between 𝜏𝐸𝐼
=0.65 and 𝜏𝐸𝐼
=0.75, the flapwise mode contributing to the flutter mode
∗
changes from the 3rd flapwise to the 2nd flapwise. For 0.3<𝜏𝐸𝐼
<0.65 the 2nd flapwise mode
*
is merging with the 1st torsional mode, and as  EI
decreases, the blade obtains a lower

∗
critical flutter speed and a higher critical flutter frequency. For 𝜏𝐸𝐼
<0.3, the 1st flapwise

mode contributes to the flutter mode. The decrease in the critical flutter speed and the
increase in the critical flutter frequency are even more significant in this range.
Figure 3-11 shows that for the same ratio of the natural frequencies (constant  * ),
the parameters affecting the torsional natural frequency, i.e. GJ and Km, cause the largest
decrease in the critical speed, leading to cases in which the critical flutter speed is lower
than the operational speed. Changing the natural frequency ratio by varying the flapwise
natural frequency also changes the stability boundaries, but it is not as significant as the
change due to the torsional natural frequency.
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(a)

(b)

Figure 3-10. (a) The critical flutter speed and (b) the flutter frequency versus the natural
*
frequncy raio (  EI
) for WindPACT 1.5MW blade (grey dots ”..”), NREL 5MW blade
(black dashed line ”--”) and SNL 100-00 blade (grey solid line ” – “).
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Figure 3-11. The critical flutter speed versus the ratio of natural frequency (  * ) for the
*
NREL 5MW blade using three different method: changing the torsional regidity (  GJ
),
*
the polar radius of gyration (  K* m ), and the flapwise regidity (  EI
).

3.6 The effect of mass offset
The distance between the center of gravity and the elastic axis of the structure is
another parameter that may affect the onset of dynamic instability. The dimensionless
mass offset is defined as ε = e/L in Equation (2.9). Keeping the blade length constant, the
mass offset parameter, e, is by definition independent from the uncoupled natural
frequencies in the flapwise and torsional directions. However, since the equations of
motion (Equations (2.5) to(2.8)) are coupled, increasing the mass offset slightly increases
the torsional natural frequencies. As an example, for the NREL 5MW blade, by making
the mass offset twice its original value, the 1st torsional natural frequency increases by
only 0.2 Hz. To experience flutter, the center of mass should lie toward the trailing edge
with respect to the elastic axis, otherwise the airfoil experiences static instability, i.e.
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divergance. Hansen [11] showed that for a 2D airfoil, as the center of mass moves farther
from the elastic axis toward the trailing edge, the critical flutter speed decreases.
A dimensionless mass offset parameter is defined as the ratio between the mass
offset of the modified blade and the mass offset of the original blade:

e* 

eb
,
eo

(2.31)

where eb and eo are the mass offsets of the modified and the original blade, respectively.
Figure 3-12(a) shows that as the mass offset increases, i.e., as the mass center moves
further toward the trailing edge, the critical flutter speed decreases. This is in agreement
with what has already been observed for a 2D airfoil [11]. The WindPACT blade shows
more sensitivity to the mass offset compared to the other two blades. Since the mass
offset does not change the natural frequencies dramatically, as discussed in the previous
paragraph, its influence on the flutter frequency is minimal as shown in Figure 3-12(b).
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(a)

(b)

Figure 3-12. (a) The critical flutter speed and (b) the flutter frequency versus the mass
offset parameter ( e* ) for WindPACT 1.5MW blade (grey dots ”..”), NREL 5MW blade
(black dashed line ”--”) and SNL 100-00 blade (grey solid line ” – “).

51

`
3.7 Conclusions
In this chapter a comprehensive parametric study on flow-induced instabilities of
wind turbine blades is conducted. Three MW-size blade designs (WindPACT 1.5MW,
NREL 5MW and SNL 100-00) are considered for this parametric study. The blades are
modeled using two coupled PDEs describing the flapwise and torsional deformations, and
the unsteady aerodynamic forces are modeled using the Theodorsen theory. The Galerkin
method is used to discretize the derived PDEs and the resulting set of ODEs are analyzed
to study the blade stability.
It is shown that the blades become unstable through a coupled-mode flutter
instability, where the blade’s first torsional mode couples with its third flapwise natural
frequency, in agreement with the majority of the previous results.
The natural frequencies of a blade are the measures of its flexibility in the
flapwise and torsional directions. The influence of the blade flexibility on the critical
point of instability is studied by varying its natural frequencies in the flapwise and
torsional directions. By reducing the natural frequencies in the flapwise and torsional
directions proportionally, the blade becomes more flexible and flutter occurs at lower
speeds. When only the flapwise natural frequency is increased (for a constant torsional
natural frequency), the critical flutter speed decreases. Changing the natural frequencies
in the torsional direction, however, has the most significant influence on the onset of
instability. If the torsional natural frequencies are reduced, by increasing the polar radius
of gyration or by reducing the torsional rigidity, then the blade experiences flutter at
much lower speeds – sometimes even lower than the rotor’s rated speed. The mass offset
parameter turns out to be the parameter with the minimum influence on the critical flutter
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speed. This is due to the fact that changing the mass offset does not change the natural
frequencies of the system dramatically. All three blades studied here behave very
similarly, which suggests that the conclusions drawn are independent from a specific
blade design.
The results presented here give a general view, independent from the blade
design, on the parameters that influence the onset of flutter instability in MW-size blades.
It can be concluded that in designing MW-size wind turbine blades, the torsional natural
frequency and its ratio to the flapwise natural frequency must be considered as major
design parameters. Future blade designs should ensure that the blade has a high torsional
natural frequency while also keeping the torsional and flapwise natural frequencies as far
from each other as possible.
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CHAPTER 4
STOCHASTIC ANALYSIS OF FLOW-INDUCED DYNAMIC INSTABILITIES
1
OF WIND TURBINE BLADES
Wind turbine blades continue to grow in length to extract more energy from the
wind. This trend results in more flexible blades that are more susceptible to flow-induced
instabilities. Recent studies have shown that coupled-mode flutter can be a major concern
for future wind turbine blades. In this chapter, we study the influence of uncertainty in
system parameters on the onset of coupled-mode flutter for wind turbine blades. We
consider two major sources of randomness: (i) flow forces through a random lift
coefficient and (ii) structural properties through a random variation of the blade’s
torsional natural frequency. We use a linear stability analysis in order to predict the onset
of instability and we apply the method to the NREL 5MW wind turbine blade. Both
normal and uniform distributions are considered to describe the random parameters. For
each case, the coefficient of variation (cov) is set to be equal to 0.1 and 0.2, which has
been shown in the literature to be a plausible variability. We show that randomness in
both the flow forces and the structural properties affect the onset of instability. In all the
cases, the higher cov values result in non-negligible occurrence of instability at a blade
critical rotor speed considerably lower than the value found in the absence of
randomness. It is also found that the structural randomness can decrease the critical speed
for the onset of coupled-mode flutter to speeds lower than the wind turbine's designed
operational speed.
1

The results discussed in this chapter have been published in the Journal of Wind
Engineering & Industrial Aerodynamics. P. Pourazarm, L. Caracoglia, M. Lackner, and
Y. Modarres-Sadeghi, Stochastic analysis of flow-induced dynamic instabilities of wind
turbine blades.
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4.1 Introduction
Wind energy is among the most well-established sources for clean energy
production. Onshore wind energy has been the world’s fastest growing energy source for
more than a decade and offshore wind energy has been growing rapidly in Europe and
Asia in recent years. One of the major benefits of offshore wind turbines compared to
onshore is the opportunity to utilize much larger rotor areas, which leads to higher power
generation. With the increasing high construction and installation cost of offshore
platforms, larger rotors are key in making offshore wind energy feasible. Yet, a critical
question is whether there are limitations to how large the blades may be.
Large wind turbine blades are susceptible to various flow-induced dynamic
instabilities [11]. These are instabilities that occur due to the interaction between the
blade structure and the flow around it. In the case of a large wind turbine blade, the
structure behaves as a flexible system due to its large aspect ratio, and therefore can
undergo large deflections. The structure also has non-uniform properties along its span
due to the various airfoils used and the blade twist. Due to variations in the
manufacturing processes, the blade structural properties may seemingly vary among
blades of the same design. It has been suggested that such inter-blade variability in the
geometric properties or aerodynamic parameters is random since it cannot be exactly
predicted or accurately verified after the manufacturing of the blade [47]. It has been
shown in other systems undergoing flow-induced instabilities that considering stochastic
parameters influences the onset of dynamic instability [48-51]. In the present chapter, we
will apply similar consideration to examine how stochastic parameters influence the
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dynamic flow-induced instabilities of wind turbine blades, with particular emphasis on
blade flutter.
Hansen [11] reviewed the major studies on aeroelastic instabilities of modern
wind turbines and identified coupled-mode flutter as a possible dynamic instability for
wind turbine blades operating in the attached flow regime. Coupled-mode flutter is
caused by the coalescence of two structural modes due to the interactions between the
flexible structure and aerodynamic loadings. Most numerical models used for flutter
prediction of wind turbine blades rely on a number of simplifications, such as modeling
the blade as a 2D airfoil, assuming uniform structural and aerodynamic properties and a
simplified unsteady flow [7-9].
Different analysis tools have been used to approximate the stability limits of
Megawatt-size (MW) wind turbine blades. Lobitz [8] used a flutter prediction tool, based
on NASTRAN and studied an isolated horizontal-axis wind turbine blade rotating in still
air. He also studied the WindPACT 1.5MW blade [40] and estimated its critical flutter
speed and flutter frequency. Lobitz [10] also showed that the WindPACT 1.5MW blade
experiences flutter at a lower rotor speed if the ratio of the torsional frequency to the
second flapwise frequency was reduced. Hansen [11] studied aerodynamic instabilities
for the NREL 5MW blade [42]. He used the HAWCStab stability tool, assumed rotation
in still air and zero blade pitch and predicted the onset of flutter for the NREL 5MW.
Resor et al. [38] studied the performance of the SNL 100-00 blade [39] using the same
method as [8]. The blade had a length of 100 m and a rated power of 13.2MW. Assuming
the half-chord length, aerodynamic center and elastic axis location were constant along
the span of the blade, Resor et al. [38] estimated the critical flutter speed. They also
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showed that by reducing the mass, the SNL 100-00 blade experiences flutter at higher
rotor speeds. Owens et al. [12] employed the BLAST design tool, an extension of the
NASTRAN-based flutter tool, to estimate the onset of flutter for the WindPACT 1.5MW
and SNL 100-00 blades. Pourazarm et al. investigated the flutter instability for three
different MW-size blades: WindPACT 1.5MW, NREL 5MW and SNL100-00 blade. For
each blade, coupled-mode flutter was observed. They performed a parametric study to
investigate the effect of blade flexibility (resulting in lower natural frequencies) in the
flapwise and torsional directions on the onset of instability. They showed that while
increasing the flexibility in both directions reduces the critical flutter speed, flexibility in
the torsional direction has the maximum influence on the critical flutter speed. Recently,
the influence of turbulence intensity on stall-induced instability of wind turbine blades
has been investigated for high-performance turbines, by using a 13 DoF turbine model
which did not consider the torsional degree of freedom and assumed quasi-steady
aerodynamics [52]. It is suggested that, for a 5MW NREL wind turbine, a critical
turbulence intensity can be found at which the wind turbine shifts from a stable state to an
unstable state.
Aeroelastic instabilities of wind turbine blades have been considered by means of
deterministic modeling, however, the current need for standardization and large industrial
production of wind turbine blades raises the issue of quality control. A deterministic
analysis of wind turbine blade dynamics is therefore insufficient, as structural and
modeling variability (i.e., uncertainty) can influence the response by inducing detrimental
effects on the blade performance. Wind turbine blades are made of composite materials
with several plies each consisting of fibers with different material properties and

57

`
directions. Uncertainties in composite material properties and composite fiber placement
affect the reliability of a wind turbine blade. Guo [53] studied the effect of stochastic
wind flow and composite material variations on the deformation and stress distribution of
the NREL 5MW blade. He also identified the critical regions on the blade that might
experience stresses higher than the strength of the material. Griffith et al. [54]
experimentally quantified the uncertainties in the natural frequencies and damping values
for two identical CX-100 and TX-100 wind turbine blades. They studied the influence of
force input location, mass loading and support conditions on the modal parameters of the
blades. Resor and Paquette [55] used three different techniques to model a wind turbine
blade structure as an equivalent beam. They then used the computed beam structural
properties to predict the onset of flutter and found a 14% difference between estimated
critical flutter speeds using different methods. Ernst and Sueme [47] studied the effect of
uncertainties in the structural properties on the natural frequencies and mode shapes of
the NREL 5MW blade. They assumed that along the length of the blade, the flapwise and
edgewise stiffness values and the mass density of the blade are randomly distributed
around their mean values with a 10% deviation. They found the deviation of natural
frequencies from the reported baseline model values to be around 10%.
In the present chapter, a linear model is used to study the influence of randomness
in the system parameters on the onset of dynamic instabilities in wind turbine blades. In
particular, we consider randomness in the manufacturing process, which results in
random system parameters for the blade. These random parameters result in (i) random
flow forces acting on the blade and (ii) random natural frequencies for the blade. Since
the blade’s instability is of a coupled-mode flutter type, the influence of any structural
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randomness on the onset of instability can be studied by focusing on the randomness in
the structural natural modes that are involved in the instability. This approach has been
considered in the present chapter. The NREL 5 MW blade [42] is used as the model
blade. The linear model is introduced in Section 4.2 and is validated in Section 4.3. The
influence of randomness in the flow forces on the onset of dynamic instability is studied
numerically in Section 4.4 using Monte-Carlo methods, by assuming random
distributions for the lift coefficient (e.g., [56]). This investigation is extended in Section
4.5, by examining the influence of randomness of the structural natural frequencies in the
torsional direction. In Section 4.6 both the flow forces and the structural natural
frequencies in the torsional direction are treated as random parameters and their
combined influence on the flutter threshold is studied.

4.2 Equations of motion
Wind turbine blades are high aspect ratio structures and can be adequately
modeled as cantilevered beams. The differential equations of motion describing
deformations of a rotating beam in the flapwise, edgewise and torsional directions (also
known as heave, lead-lag and pitch, respectively) with a constant angular velocity are
derived by [44]. The equations are intended for high aspect ratio, straight beams with
isentropic properties undergoing moderate displacements. There is no assumption made
regarding the positions of the mass centroid or the area centroid axes, both of which
could be offset from the elastic axis. The equations are also valid for tapered beams with
non-uniform cross-sectional mass and stiffness properties. Figure 4-1 shows a schematic
of a three-dimensional rotating flexible blade. The equations are accurate to the second
order, based on the assumptions that: (i) the squares of the bending slopes, (ii) the
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thickness to beam length ratio (t/L), and (iii) the chord to beam length ratio (2b/L) are
negligible with respect to unity [44].

Figure 4-1. Schematic of a three-dimensional rotating flexible blade in contact with flow.
Since the focus of the current study is on flutter instability, only deformations in
the flapwise and torsional directions are considered. To ensure an attached flow
condition, it is assumed that the blade is rotating with constant angular velocity in still air
and has initial zero twist. A continuous beam-like formulation (Euler–Bernoulli) is
employed to describe the flapwise and torsional motion of the “fixed-free” blade. Hodges
and Dowell (1974) derived the complete form of equations of motion. In the derivation,
the strains-displacement relations for a long slender beam are used. The resultant crosssectional moments are then defined based on the stress distribution as:
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where, Mx, My and Mz are the resultant moments about the axial, flapwise and edgewise
directions, respectively; φ and w represent the torsional and flapwise bending
displacements, respectively; L is the length of the blade; G is the shear modulus of
elasticity; J is the torsional stiffness constant; m is the cross-sectional mass; Km is the
polar radius of gyration of the cross-section about the elastic axis; e is the distance
between the mass (and area) centroid and the elastic axis (mass offset); E is the Young’s
modulus of elasticity; 𝐼 is the bending moment of inertia; ω is the angular rotor speed.
The equations of motion are then derived based on the equilibrium of forces and
moments acting on a thin beam element parallel to the yz-plane as:

M x  M z w  qz w  qx  0,

(3.4)

M y  (Tw)  qy  pz  0,

(3.5)

where, T is the tension due to the centrifugal effects, and q̅x ,q̅y ,q̅z ,p̅x and p̅z are the
resultant forces and moments, which include acceleration terms as well as aerodynamic
loadings, defined as:
px  T    2 mx,

(3.6)

pz  Lz  m  w  e  ,

(3.7)





qx  M  me  w   2 m Km2 2  Km21    mKm2 ,

(3.8)

qz   2 mex,

(3.9)

q y   2 mex ,

(3.10)

where, Km1 and Km2 are the mass radii of gyration about the major neutral axis and an
axis perpendicular to the chord through the elastic axis, respectively; Lz and M are the lift
force and moment, respectively. By substituting Equations (3.1) –(3.3) and (3.6)– (3.10)
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into Equations (3.4) and(3.5), the resulting equations in the torsional and flapwise
directions will have the following dimensionless form:
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in which the following dimensionless parameters are used:
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where, L̅ and M̅ are the resultant dimensionless lift force and pitching moment due to the
aeroelastic interactions; A is the cross-sectional area; A0 , J 0 , I 0 are the torsional stiffness
constant and the bending moment of inertia at the root of the blade and   EI 0  A0 L4 ,
where ρA0 is the blade cross sectional mass at the root.
The flapwise and torsional equations describe the motion of a rotating beam with
dimensionless angular velocity Ω. All the terms containing Ω2 are due to the centrifugal
effect, and would not exist in the equation of motion for a non-rotating beam. The terms

 J   and  J   correspond to the St. Venant torsion rigidity. The derivation of these
equations is discussed with some details by [57].
To express the unsteady aerodynamic loading acting on each blade element,
Theodorsen’s theory is used. Lobitz [10] and Owens et al. [12] used Theodorsen’s theory
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in similar analyses. According to Theodorsen’s theory, the dimensionless pitching
moment and lift for an oscillating 2D airfoil are given as [22]:
M  CL
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in which the following dimensionless parameters are used:
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where, ρ∞ is the density of air; u is the flow speed (u=xω is the peripheral velocity at each
cross-section at a distance x from the root); b is the half chord length; b0 is the semichord at the root of the blade; a is the distance between the elastic axis and the midchord, divided by b; CLα is the slope of the lift coefficient curve versus the angle of attack
in the attached flow region; C(k) is the Theodorsen function [22] which is a complexvalued function of the reduced frequency, k, where k=(2π ff b)/u, ff is the airfoil frequency
of oscillation.

4.3 Method of solution and validation of the model
To solve the resulting coupled partial differential equations, the Galerkin method
is used. Uncoupled torsional and bending mode shapes of a cantilevered beam with a
variable cross section are derived using finite element methods and are used as the base
functions, as previously done for similar systems [58]. The variable blade properties
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along its length are introduced as input vectors and are integrated over the entire length of
the blade (L) numerically as a part of the Galerkin method. The Theodorsen function,
C(k), is a function of the flutter frequency and thus the response of the structure to the
aerodynamic forces. An iterative method is used to determine the value of C(k), by
guessing an initial value for flutter frequency and then updating the value with respect to
the calculated flutter frequency until convergence. The rotor angular velocity is increased
from zero and the complex eigenvalues of the system are calculated at each step. At a
critical rotor angular velocity, the first torsional mode coalesces with one of the flapwise
modes resulting in a negative damping.
Table 4-1 summarizes the physical properties and the rated operational
specifications of the NREL 5MW blade [42], which is used in this study. Figure 4-2
shows the frequency and damping ratio (real part of the eigenvalue divided by the
imaginary part) corresponding to each mode versus the rotor speed for the NREL 5MW
blade. As the rotor speed increases, the natural frequencies of all modes change. At a
rotor angular speed of ωf =20.7 rpm, the first torsional mode is coupled with the third
flapwise mode, resulting in a coupled mode flutter with a frequency of ff =3.6 Hz.

Table 4-1. Geometry and the rated operational specification for the NREL 5MW blade
[42].
Blade
NREL 5MW

Chord
(m)
4.6

Length
(m)
61.5

Mass
(kg)
17,740
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Rated power
(MW)
5

Rated speed
(rpm)
12.1
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Figure 4-2. (a) Damping ratio and (b) frequency of different modes versus the rotor speed
for the NREL 5MW blade
Table 4-2 compares the results for the NREL 5MW blade from the current study
with the previous studies. Similar to Hansen’s prediction [11], the 1st torsional mode and
the 3rd flapwise mode are coupled. The critical flutter speed predicted here is very close
to that predicted by [46], despite the fact that he predicted a coupling of the 1st torsional
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and the 2nd (instead of the 3rd) flapwise modes. The predicted frequency of oscillation
falls between the values predicted in the other two studies.

Table 4-2. Critical flutter angular speed and flutter frequency, derived in the current study
and in the previous studies, for the NREL 5MW blade.
[11, 46]

[46]

Current study

Flutter modes

1st torsion 3rd flap

1st torsion 2nd flap

1st torsion 3rd flap

Critical speed (rpm)

24.0

19.1

20.7

Flutter frequency (Hz)

4.1

3.4

3.6

4.4 Stochastic flutter instability for random flow forces
In this section, the effect of variability (randomness) in the aerodynamic design
parameters on the blade flutter instability is studied using the model blade. The structural
and aerodynamic data of the NREL 5-MW baseline wind turbine (Table 4-1) are utilized
[42]. The study is based on the iterative solution of the linear equations of motion (3.11)
and (3.12), as discussed in Section 4.2.
As outlined in Section 4.1, the manufacturing process of blades can influence the
blade aerodynamics by introducing uncertainty in the blade shape. In order to simulate
these effects on the aerodynamic loadings, the cross-sectional lift coefficients are
assumed to be stochastic parameters. In the NREL 5-MW blade design, 6 different
airfoils have been used along the span of the blade (Figure 4-3). Each airfoil has a
different thickness to chord ratio and its own aerodynamic properties. Figure 4-4 shows
the lift coefficient variation with respect to the angle of attack for each airfoil, found in
[42].

66

`

Figure 4-3. Distributed NREL 5-MW blade aerodynamic properties [42].
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Figure 4-4. Lift coefficient variation versus the angle of attack for NACA64618, DU 21,
DU 25, DU 30, DU35 and DU 40 airfoils [42].

In our analysis, an independent random distribution has been used for the slope of
the lift coefficient, CLα, for each airfoil. Two probability distributions are used to describe
CLα: a limited normal distribution and a uniform distribution. These two models are
employed to replicate two limiting cases, i.e., a scenario in which the fidelity in the
experimental results of CLα or in the local geometry is very high (normal distribution

67

`
case), and a second one corresponding to a low fidelity or limited information on the
experimental CLα (uniform case). The reference (mean) values of each cross section’s
CLα, along the blade span are derived from tabulated blade profiles. For each selected
distribution, the coefficient of variation (cov) is varied between 0.1 and 0.2 to simulate a
plausible variability [47]. The random distribution, corresponding to each airfoil section,
is assumed to be uncorrelated with the other five airfoils used along the blade span.
This study utilizes Monte Carlo methods (e.g., [59]) to calculate the blade
response with random CLα, using the iterative solution of the linear equations of motion
(3.11) and (3.12). A sample population of 104 randomly-generated CLα, uncorrelated with
each other, is employed to numerically generate the histograms of the flutter speed and
frequency, which are later used to find the empirical probability distributions of the
output random variables by non-parametric methods.
Figure 4-5 shows the results associated with a normally distributed CLα with
cov=0.1 and cov=0.2. In this study, the critical flutter speed is normalized and reported
as:
* 

 f ,b
,
 f ,o

(3.17)

where ωf,b is the dimensional critical flutter speed (or  f ,b   in dimensionless units,
following the notation used in Equations (3.11)-(3.15)

of the blade with random

properties, and ωf,o is the dimensional critical flutter speed of the original blade (  f ,o in
dimensionless units). The flutter frequency is reported as:
fb
(3.18)
,
fo
where fb is the flutter frequency of the blade with random properties and fo is the flutter
f* 

frequency of the original blade. For the original blade of this turbine, the dimensional
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critical flutter (angular) speed in the “error-free scenario” is  f ,o = 20.7 rpm, whereas the
flutter frequency is fo= 3.6 Hz.
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Figure 4-5. PDF of the normalized (a) critical angular velocity for flutter, Ω*, and (b)
flutter frequency, f*, for a normally distributed CLα - NREL 5-MW wind turbine. The
vertical line represents the rated angular velocity.

Figure 4-5 shows the empirical probability density functions (PDF) of the
normalized rotor angular velocity, Ω*, and normalized blade vibration frequency at
flutter, f*, as a function of the cov. Even though the mean value of the normalized rotor
angular velocity Ω* in this figure is above the typical operational values for a wind
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turbine, reduction of Ω* from the “error-free” condition is possible when variability of
CLα is taken into consideration. In particular, it is reported that the operational rotor
speed

is

ωrated=12.1

rpm

[42]

for

this

turbine,

which

corresponds

to

*   rated  f ,o  0.6 . In Figure 4-5, both the distribution of Ω* and that of f* show a
non-negligible asymmetric feature and evident sensitivity to the cov. This fact suggests a
nonlinear dependence between flutter speed and aerodynamic load CLα, despite the linear
dependence of the aerodynamic loads on CLα in Equations (3.4) and(3.5). This
phenomenon was anticipated due to the fact that the flutter solution depends on a
quadratic equivalent eigenvalue/eigenvector problem.
The figure also shows that the “spread” in the PDF of Ω* cannot be neglected
even when the variability in the Gaussian CLα is modest (0.86 <Ω*< 1.2 in normalized
units for cov = 0.1). Most importantly, the figure shows that for cov = 0.2 the probability
of failure at Ω* below 0.8 (rotor angular velocity below 17 rpm) is 0.1%. This threshold
is only 40% larger than the typical operational rotor speed for the NREL 5-MW wind
turbine (blade span 61.5 m). This failure probability is not small and has the potential to
become dangerously large for future wind turbines (blade lengths of 80 m or more),
posing a serious threat to the operational integrity and structural reliability of the system
(usually unsatisfactory if the failure chance is larger than 10 -4) [60]. For future systems,
flutter occurrence can no longer be neglected and blade vibration mitigation or
suppression would be necessary. Also, the blade vibration frequency, f*, will not be
identifiable deterministically but will be located in a wide interval of values, between
0.80 and 1.05 (i.e., 2.88<fflutter<3.80 Hz) for cov = 0.2, rendering the design of blade
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flutter control devices sensitive to this parameter. These remarks will be especially true
for larger turbines with blades beyond 61.5 m, as is the current trend in the industry.
The dependency of the flutter results on the selected PDF of CLα is also
investigated by analyzing the case with uniformly distributed random CLα. The numerical
results are presented in Figure 4-6 for the same cov values. The PDF of f*and Ω* are now
bounded. Similar to the previous scenario, the PDF of the flutter frequency is asymmetric
with larger negative skewness, empirically observed for increasing cov. The figure
suggests that the flutter probability for angular rotor velocities less than Ω* = 0.8 (17
rpm) reduces for the same cov values, in comparison with the previous scenario;
nevertheless, the probability is still of the order of 1%, which is an unacceptable
threshold for failure.

4.5 Stochastic flutter instability for random natural frequencies
As discussed in Section 4.3, the flow-induced instabilities of wind turbine blades
are of the coupled-mode kind, in which the first torsional mode couples with one of the
flapwise modes. Thus, if the natural frequencies change, for the same oncoming wind
speed, the onset of instability also changes. Pourazarm et al. [57] studied the influence of
varying natural frequencies on the onset of flow-induced instabilities of wind turbine
blades. They parametrically varied the natural frequencies such that the overall geometry
of the blades remained intact, and therefore the aerodynamic forces acting on the blades
did not change. This made it possible to investigate the changes of the onset of flow-
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Figure 4-6. PDF of the normalized (a) critical angular velocity for flutter, Ω*, and (b) flutter
frequency, f*, for a uniformly distributed CLα - NREL 5-MW wind turbine. The vertical line
represents the rated angular velocity.

induced instabilities due to the structural properties of the blade only. They showed that
by reducing the natural frequencies in the flapwise and torsional directions
proportionally, the blade becomes more flexible and flutter occurs at lower speeds. When
only the flapwise natural frequency is increased (for a constant torsional natural
frequency), the critical flutter speed decreases. Changing the natural frequencies in the
torsional direction has the most significant influence on the onset of instability. If the
torsional natural frequencies are reduced, by increasing the polar radius of gyration or by
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reducing the torsional rigidity, then the blade experiences flutter at much lower speeds –
sometimes even lower than the rotor’s rated speed.
To investigate the effect of structural imperfection or material uncertainties of the
blade due to the manufacturing process on the onset of instability, the most critical
structural parameter, the torsional natural frequency, is considered to be a random
parameter. Similar to the previous section, both normal and uniform distributions are
considered with either cov =0.1 or cov=0.2. A sample population of 104 randomlygenerated torsional rigidity values (GJ) is employed.
Figure 4-7 shows the PDF distribution of the critical flutter speed, Ω*, and flutter
frequency, f*, for a normally-distributed torsional natural frequency. Compared to the
previous section for the same cov, variability in the natural frequencies provides a wider
spread in the PDF plots. When the variability in the Gaussian distribution is cov=0.1,
there is about 0.1% chance for the blade to experience flutter at a rotor speed smaller than
Ω*=0.74 (15.3 rpm) which is only 26% higher than the rated rotor speed. The threshold
gets much smaller for the second case with cov=0.2. As shown in Figure 4-7, the
probability of flutter occurrence at rotor speeds lower than Ω*=0.6 (rated rotor speed) is
as high as 0.3%, which implies that the blade will experiences flutter and possibly failure
since there is no “safety margin” against flutter in this case. The flutter frequency plot for
cov=0.2 also shows a much wider distribution in the range of 0.3< f*<1.6 (1.1 Hz < f< 5.8
Hz) compared with the frequency distribution for cov=0.1 (0.5< f*<1.3). Two regions are
detectable in the flutter frequency plot for the case of cov=0.2: frequency ranges of (i)
0.3< f*<0.6 and (ii) 0.6< f*<1.6. The reason for observing two separate regions is the
change in the flapwise mode contributing to the coupled-mode flutter. Two sample
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Argand diagrams are shown in Figure 4-8 for regions (i) and (ii), by selecting two cases
among the whole random population. In region (ii), the third flapwise mode couples with
the first torsional mode, while in region (i), due to a lower torsional natural frequency, the
second flapwise mode couples with the first torsional mode.
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Figure 4-7. PDF of the normalized (a) critical angular velocity for flutter, Ω*, and (b)
flutter frequency, f*, for a normally distributed GJ - NREL 5-MW wind turbine. The
vertical line represents the rated angular velocity.
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correspond to (a) region (i) where the 2nd flapwise mode contributes to the flutter mode,
and (b) region (ii) where the 3rd flapwise mode contributes to the flutter mode.
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Figure 4-9. PDF of the normalized (a) critical angular velocity for flutter, Ω*, and (b)
flutter frequency, f*, for a uniformly distributed GJ - NREL 5-MW wind turbine. The
vertical line represents the rated angular velocity.

Figure 4-9 shows the distribution of the critical flutter speed and frequency for a
uniformly-distributed torsional natural frequency. In comparison with the normallydistributed cases, the critical flutter speed distributions for uniformly-distributed cases are
within smaller regions. The flutter threshold for the uniformly-distributed case is about
26% (Ω*=0.74 with a probability as high as 2%) for cov=0.2. Similar to the normallydistributed case, two regions are observed in the frequency plot, where each region
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corresponds to the contribution of a different flapwise natural frequency into the flutter
mode.

4.6 Stochastic flutter instability for random flow forces and random natural
frequencies
In Sections 4.4 and 4.5, either the flow forces or the structural properties were
considered to be random parameters, while the other system parameters were
deterministic. In practice, however, uncertainties and imperfections result in randomness
of the flow forces (lift coefficients) and the system natural frequencies simultaneously. In
this section, we consider both natural frequencies and flow forces to be random and we
investigate their influence on the blade onset of dynamic instability. Following Sections
4.4 and 4.5, the airfoil lift coefficient and the torsional natural frequency are chosen as
random variables. Random distributions with cov=0.1 and cov=0.2 with both normal and
uniform distributions are considered.
Figure 4-10 and Figure 4-11 show the empirical PDF plots for the normal and
uniform distributions, respectively. For both random distributions, the overall shape of
the PDF plots for both the critical flutter speed and frequency are very similar to the PDF
plots in Section 4.5, but with a wider spread. Figure 4-10 shows the PDF distribution of
the critical flutter speed, Ω*, and flutter frequency, f*, for the normally distributed
torsional natural frequency and lift coefficient. For the modest Gaussian distribution
(cov=0.1) there is about 0.1% chance that the blade experiences instability at rotor speeds
only 23% higher than the rated rotor speed. For normal distribution with cov=0.2, the
chance of flutter occurrence at speeds lower than the rated speed is as high as 0.5% which
is the highest obtained failure probability compared with the previous sections. Even

77

`
though the latter probability value is small, it cannot be neglected from the point of view
of blade structural integrity. Similar to Section 4.5, the PDF plot of the flutter frequency
for cov=0.2 contains two regions, region (i) (0.24< f*<0.63) where the second flapwise
mode contributes to the flutter mode and region (ii) (0.63< f*<1.66) where the third
flapwise mode contributes to the flutter mode. For the normal distribution with cov=0.1,
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Figure 4-10. PDF of the normalized (a) critical angular velocity for flutter, Ω*, and (b)
flutter frequency, f*, for a normally distributed CLα and GJ - NREL 5-MW wind turbine.
The vertical line represents the rated angular velocity.
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the third flapwise mode merges with the first torsional mode for all the cases studied here
and thus the PDF distribution of the flutter frequency consists of one region only (0.5<
f*<1.28).
4

uniform dist cov=0.2
uniform dist cov=0.1

(a)

PDF, *

3
2
1
0
0

0.5

1

*

1.5

2

5

(b)

uniform dist cov=0.2
uniform dist cov=0.1

PDF, f *

4
3
2
1
0
0

0.5

1

f

1.5

2

*

Figure 4-11. PDF of the normalized (a) critical angular velocity for flutter, Ω*, and (b)
flutter frequency, f*, for a uniformly distributed CLα and GJ - NREL 5-MW wind turbine.
The vertical line represents the rated angular velocity.

Figure 4-11 shows the probability distribution of the flutter critical speed and
frequency for the uniformly distributed torsional natural frequency and lift coefficient.
For cov=0.1, the critical speed drastically reduces by about 20% (Ω*=0.79). For a wider
spread (cov=0.2), the critical speed gets very close to the rated rotor speed (Ω*=0.6) and
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there is a 0.29% chance that the blade experiences flutter at rotor speeds lower than
Ω*=0.61, which leaves almost no “safety margin” when the rotor is operating at its rated
speed. The flutter frequency varies between 0.84< f*<1.16 for the random distribution
with cov=0.1, while it varies between 0.52< f*<1.3 for the random distribution with
cov=0.2, for which two regions are recognizable.

4.7 Conclusions
In this chapter, the influence of the blade’s inherent uncertainties due to the
manufacturing process on the onset of its dynamic instability is studied. The NREL 5MW
blade is considered for this stochastic study. The blade is modeled using two coupled
PDEs describing the flapwise and torsional deformations, and Theodorsen’s theory is
used to model the unsteady aerodynamic loadings. System uncertainties both in the flow
forces and structural natural frequencies are considered. In order to study the variability
in the flow forces, the cross-sectional lift coefficient is chosen as a random variable and
to study the variability in the structural properties, the torsional natural frequency, which
has been shown previously to have the most significant influence on the onset of flutter,
is chosen as a random variable. Both normal and uniform distributions are considered for
each random parameter. For each case, the coefficient of variation (cov) is set to be equal
to 0.1 and 0.2.
Three scenarios are considered: (i) only the flow forces are random parameters,
(ii) only the natural frequencies are random parameters and (iii) both the flow forces and
natural frequencies are assumed to be random. It is observed that although the flow forces
alter the onset of flutter and reduce the flutter threshold, the variability in the torsional
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natural frequency has the most critical effect on the onset of instability. While variability
in the flow forces reduces the flutter safety margin from 70% to 40%, the same variability
in the natural frequencies results in no safety margin. This means that there are some
cases within the random population, in which the predicted flutter speed can be lower
than the rated rotor speed. The flutter frequency also shows a much wider spread when
the natural frequencies are considered to be random compared with the cases of random
flow forces. For cov=0.2, two different regions are identified in the flutter frequency
probability plots for both the normally and the uniformly distributed torsional natural
frequencies. Each region corresponds to a different flapwise mode contributing to the
flutter mode, which implies that not only the flutter frequency might be altered, but also
the flutter mode can be affected. Considering both the lift coefficient and the torsional
natural frequency as random variables reduces the flutter threshold even more drastically,
such that regardless of the type of random distribution (uniform or normal), the risk
against flutter-induced failure is no longer small, since the critical flutter speed,
corresponding to a lower quintile of the random population, can be below the rated speed.
The results presented here give a general view on the influence of the system’s
inherent uncertainties on the onset of flutter instability in MW-size blades. It can be
concluded that assuming deterministic system parameters results in overestimation of the
flutter “safety margin” and therefore stochastic analysis must be included in the
estimation of the onset of flutter for designing MW-size wind turbine blades. Also,
structural imperfections, especially those affecting the torsional natural frequency, alter
the critical flutter speed significantly, resulting in larger risks of flutter-induced failures,
for some cases.
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CHAPTER 5
PERTURBATION METHODS FOR THE RELIABILITY ANALYSIS OF WIND1
TURBINE BLADE FAILURE DUE TO FLUTTER
In this chapter, the influence of uncertainty in various system parameters on the
onset of coupled-mode flutter for large wind turbine blades is studied using different
reliability methods. The NREL 5MW wind turbine blade is chosen for this study and the
blade onset of instability is predicted using a recursive search procedure. The randomness
in flow forces, through a random lift coefficient, and in structural properties, through a
random variation of the blade’s torsional natural frequency, are used as the two primary
sources of uncertainties. The probability of flutter is estimated using four different
reliability methods: First Order Reliability Method (FORM), First Order Reliability
Method including the effect of unsteadiness in the aeroelastic loads (variation in the
function C(k); FORM-C), Second Order Reliability Method (SORM) and Weighted
Average Reliability Method (WARM). To evaluate the proficiency of each method, the
flutter probabilities are compared against the results of the Monte Carlo simulations. All
methods provide accurate approximation of flutter probability in regions close to the
mean value of the critical flutter speed or flutter frequency. Among the four methods, the
WARM provides the closest approximation to the Monte Carlo simulations in all regions
of the variables. This study is the first comprehensive example of application of
reliability analysis to wind turbine blade instability, affected by various sources of
uncertainty. It is shown here that failure probabilities can be found through simplified

1

The results discussed in this chapter have been submitted to the Journal of Wind
Engineering & Industrial Aerodynamics. P. Pourazarm, L. Caracoglia, M. Lackner, and
Y. Modarres-Sadeghi, perturbation methods for the reliability analysis of wind-turbine
blade failure due to flutter.
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formulas (or iterative procedures), which could be included in future standards for the
performance-based design of wind turbine blades.

5.1 Introduction
For more than a decade, wind power has been the world’s fastest growing source
of energy. Offshore wind energy has been growing rapidly due to its capacity for utilizing
much larger turbines and thus higher power generation compared to onshore. Long wind
turbine blades are susceptible to experiencing flow-induced dynamic. Among the various
instabilities, coupled-mode flutter has been indicated as a major problem (e.g., [8, 61-63])
and a possible cause of destructive failures.
Wind turbine blade structural properties may vary among blades of the same
design and it has been suggested to treat these variations as random variables [47]. The
presence of stochastic parameters in systems experiencing flow-induced instabilities can
influence the onset of dynamic instability [48-51, 64]. The aim of the present study is to
investigate various methodologies of reliability analysis to evaluate flutter probability by
four different methods, including both existing approaches and a novel technique. It must
be noted that, in the context of flutter probability in long-span bridge aeroelasticity and
structural engineering, these methods are usually employed and widely accepted to
investigate the critical flutter speed for the deck flutter, which may lead to structural
collapse (e.g., [65-69]). A recent review of several of these methods along with a critical
analysis of advantages and limitations is discussed in Canor et al. [70]. In the case of
wind turbine structures, reliability methods have been considered in recent years mostly
to investigate structural integrity near the failure of the tower at high wind speeds and
when the blades are in a parked configuration (e.g., [71]). Nevertheless, these methods
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often rely on simplified models to simulate the blade aeroelasticity, and moreover, very
limited attention has been paid to the complex fluid-structure interaction of the blades in
the case of serviceability and normal operational conditions close to the rated speed.
A number of numerical models can be used to predict the onset of flutter for wind
turbine blades in a deterministic setting. A comprehensive review can be found in [7-9].
Lobitz [8] used a NASTRAB-based flutter prediction tool, to investigate , the
effect of torsional and flapwise natural frequencies on the critical flutter speed. Hansen
[11] predicted the onset of flutter for the NREL 5MW blade, assuming zero incoming
flow and zero blade pitch. Resor et al. [38] studied the stability of the SNL 100-00 blade
and studied the influence of mass on the onset of flutter. Owens et al. [12] estimated the
onset of flutter for the WindPACT 1.5MW and SNL 100-00 blades. Pourazarm et al. [57]
showed that high flexibility in the torsional direction drastically influences the critical
wind speed for instability in MW size blades
The reliability of wind turbine blades is affected by the uncertainties in composite
material properties. and a deterministic analysis of wind turbine blade dynamics is not
sufficient, as variability in structural properties (i.e., uncertainty) can influence the
response and performance of the blade. Griffith et al. [54] quantified the variability in the
natural frequencies and damping ratios of two identical CX-100 and TX-100 wind turbine
blades. Resor and Paquette [55] utilized different techniques for modeling a wind turbine
blade structure as an equivalent beam. And found a 14% discrepancy between the
estimated critical flutter speeds. Ernst and Sueme [47] assumed the flapwise stiffness, the
edgewise stiffness, and the mass density of the of the NREL 5MW blade were randomly
distributed around their mean values with coefficient of variation of 0.1. They found the

84

`
deviation of natural frequencies to be around 10% from the reported baseline values.
Flutter reliability for NREL 5MW blade subjected to random flow forces and structural
properties has been studied by Pourazarm et al. [64]. They used Monte Carlo simulations
to approximate the failure probability and observed that the randomness in flow forces
reduces the flutter safety margin from 70% to 40%, and randomness in the torsional
natural frequencies results in no safety margin.
In the present chapter, following the previous work [64], the influence of
randomness in the blade parameters on the onset of dynamic instabilities is studied using
different reliability methods. Monte Carlo simulation is usually employed [64] to return
an “exact” flutter probability using a large number of samples, but it is a very timeconsuming computational method. Four alternative reliability methods are introduced and
examined in this study in order to solve this problem These methods can provide flutter
probability estimation in an approximate yet adequate way and result in a
computationally efficient procedure or formula, which can ultimately be included in
wind-turbine design standards. The NREL 5 MW blade [42] is chosen as the model blade
in this investigation. The blade has a length of 61.5 meters, a total mass of 17,740 kg and
a rated rotor speed of 12.1 rpm. The randomness in the manufacturing process is
accounted for by simulating uncertainty in both random structural and aerodynamic
properties. Since the blade’s instability is of a coupled-mode flutter type, the influence of
any structural randomness can be studied by focusing on the randomness in the structural
natural modes, which are contributing to the flutter mode.
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5.2 Equations of motion
The equations of motion used in the present study are the same as the ones used
previously [64]. These are based on the equations originally derived by Hodges and
Dowell [44]. Since the focus of the current study is on the coupled-mode flutter
instability, only the deflections in the flapwise and torsional directions are considered.
Theodorsen’s theory [22] is used to model the unsteady aerodynamic loading acting on
each blade element.
The resulting dimensionless equations in the torsional and flapwise directions for
the generic cross-section located at a distance x from the root, have the following form:

(4.1)
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where, “dot” denotes the derivative with respect to dimensionless time and “prime”
denotes the derivative with respect to ξ; L̅ and M̅ are the resultant dimensionless lift force
and pitching moment at a generic cross-section of the blade due to the aeroelastic
interactions; A is the cross-sectional area; L the length of the blade; ρ the material
density; G is the shear modulus of elasticity; J is the torsional stiffness constant; Km is the
polar radius of gyration of the cross-section about the elastic axis; e is the distance
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between the mass (and area) centroid and the elastic axis (mass offset); E is the Young’s
modulus of elasticity; 𝐼 is the bending moment of inertia; ω is the angular rotor speed.
The quantities A0 , J 0 , I 0 are the torsional stiffness constant and the bending moment of
inertia at the root of the blade; Ω is the dimensionless angular velocity and

  EI 0  A0 L4 , with ρA0 being the blade cross sectional mass at the root; ρ∞ is the
density of air; CLα is the slope of the lift coefficient curve (which may vary depending on
the blade profile at each cross section) versus the angle of attack in the attached flow
region; C(k) is the Theodorsen complex circulation function, which depends on the
reduced frequency k=(2π ffb)/u, in which ff is the airfoil frequency of oscillation, u=xω is
the rotational velocity at each cross-section at a distance x from the root and b is the half
chord length; b0 is the half-chord at the root of the blade; and (1⁄2 + 𝑎) is the distance
between the elastic axis and the aerodynamic center, divided by b. The derivation of these
equations is discussed in more details in [64].
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The coupled partial differential equations of motion are solved using the Galerkin
method as discussed in more detail in [57].

5.3 Expansion (or perturbation) methods for reliability analysis of wind turbine
blades
Using Equations. (4.1) and (4.2) the onset of flutter can be found
deterministically. In a previous work [64] the flutter probability was estimated using the
Monte Carlo method to find the variability of the flutter onset due to randomness in
structural or aerodynamic parameters. As outlined in Section 5.1, this study examines
alternative reliability methods to approximate the flutter probability. Perturbation
methods [72] are usually efficient [70], at least as a first approximation, to investigate
long-span bridge flutter under the influence of various random parameters. It is therefore
valuable to investigate the applicability of these methods to the current problem.
The flutter point of instability is defined as the point where one of the structural
modes obtains a negative real part (negative damping). To find the variability of the
flutter onset, the variability of eigenvalues should be studied, thus the perturbation
methods are based on the first order or second order expansion of the real and imaginary
parts of the eigenmode that obtains a negative damping (shown in red in Figure 5-1).
Using this approximation, the distribution of damping (real part of eigenvalue   i  ) is
first found at each rotor speed, Ω (with Ωflutter denoting the random variable rotor speed at
flutter or flutter speed) and, subsequently, the probability of flutter “failure” is calculated
as the complementary probability of non-failure [70]:

Pr flutter  1  Pr  i   0  flutter    1  Fi ,  0  flutter    .
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(a)

(b)

Figure 5-1 (a) Frequency (imaginary part of eigenvalues) and (b) damping (real part of
eigenvalues) of different modes versus the rotor speed for the NREL 5MW blade. In the
bottom panel a positive value of damping corresponds to stable vibration. Specific
designation of the various modes is indicated in the legend.
In Equation(4.7), the function F , is a conditional cumulative density function
i

(CDF). The process is then repeated for other rotor speeds and the probability of failure is
obtained for each case. Finally using all the data, the probability of flutter due to the
random parameter is plotted with respect to the rotor speed.
Different expansion (or perturbation) methods are examined for the reliability
analysis of the wind-turbine blade failure due to flutter. Each method is described in one
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of the following sections and then using each method, the influence of randomness in
both the flow forces and the torsional natural frequencies on the onset of flutter is
examined.

5.4 First Order Reliability Method (FORM)
As described in Equation (4.7), estimating the flutter probability requires
estimating the probability that the real part of the flutter eigenvalue becomes positive, as
a function of the rotor speed Ω. The generic unstable branch eigenvalue is denoted as λi in
the following treatment. The quantity λi (complex) depends on a generic random input
parameter g (which will be later specified). The functional relationship between λi and g
is usually not known. If a reference “design point” is designated through the variable g0
(approximately the mean value of g), an approximate relationship may be established by
expanding in Taylor series, truncated at the first order of the derivative, the eigenvalue λi
in terms of g. This approach is widely used in reliability analysis of engineering
structures and it is often referred to as the First Order Reliability Method (FORM) [73,
74]. In the specific case under investigation, eigenvalues at flutter are nonlinear functions
of structural and aerodynamic properties such as modal frequencies or lift force
aerodynamic parameters.
Using the first order approximation, the unstable-branch eigenvalue λi (or
eigenvalues) can be linearized about g 0 as:

i ( g )  i ( g0 ) 

d i
dg

 g  g0  .

(4.8)

g0
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If g 0 is the mean value of the random variable g ( E  g   g0 ), then the expected
value (with E[] denoting the expectation operator) and the variance (var) of the linearized
λi(g) can be found as:

E i ( g )  i ( g0 ) ,

(4.9)

and

 d
var i ( g )   i
 dg


2


 d
2
 E  g  g 0     i
  dg
 
g0 


2


 var[ g ] .

g0 

(4.10)

Using Equations (4.9) and (4.10), the mean value and variance of eigenvalues are
found at each rotor speed Ω (or flow velocity). Assuming that the eigenvalues have the
same distribution as the random parameter, the distribution of the frequency (imaginary
part of λi) and damping of each mode (real part of λi,   i  ) can be obtained. The first
two statistical moments of   i  are found by using the real parts of Equations. (4.9)
and (4.10) (or E  i ( g )   i ( g0 )



v a r i g( )    di




/g dg 
0 

2

vga r),

i.e., the variations of damping evaluated at each rotor speed Ω. The probability of failure
in Equation (4.7) (corresponding to “negative” damping) is estimated by using the same
cumulative density function as g. The process is repeated at each velocity Ω to find the
corresponding probability of failure. The results may then be compared to the Monte
Carlo simulations for validation.
In Equation (4.10) the derivative of the eigenvalues with respect to the generic
parameter g can be found either numerically or analytically. The procedure to determine
the first derivative of the eigenvalue analytically is based on a series of studies of
eigenvalue sensitivity in engineering mechanics and engineering modal analysis
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applications [75-77]. After applying the Galerkin method [57], the equations of motion
(4.1) and (4.2) can be rewritten in the following general matrix form:

BX  DX  0 ,

(4.11)

with X denoting the state vector collecting both generalized coordinates of the flapwise
and torsional modes, and their first derivatives with respect to time X  d X / dt . If

X  ψi eit is postulated, then the equation can be written as a function of the generic
eigenvalue, λi, and the corresponding right eigenvector, ψi, as:

Bi ψi  Dψi  0 .

(4.12)

After defining A=B-1D, Equation (4.12) can be rewritten as:

 A  i I  ψi  0 ,

(4.13)

where λi and ψi are the eigenvalue and right eigenvector of the matrix A, respectively, and
I is the identity matrix. The left eigenvector of matrix A, χi, is defined as:

A

T



 i I χ i  0 ,

(4.14)

where, AT is the transpose of matrix A. Taking the transpose of Equation (4.14) results in:

χTi  A  i I   0 ,

(4.15)

where, χiT is the transpose of χi. Taking the derivative of Equation (4.15)with respect to g
leads to:

 d A d  i I  
d ψi

0.

 ψ i   A  i I 
dg 
dg
dg

(4.16)

After pre-multiplication of Equation (4.16) by χiT, the following equation is
found:
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 d A d  i I  
d ψi
T
χTi 

 0.
 ψ i  χ i  A  i I 
d
g
d
g
d
g



(4.17)

Owing to the vanishing of Equation (4.15), the second part of Equation (4.17) is
equal to zero, which after some manipulations leads to the following scalar equation:

dA
χ Ti 
ψi
d g 
d i


.
dg
χ Ti ψ i

(4.18)

In Equation (4.18), the derivative of the matrix A=B-1D is found as [78]





   D  B

1
1
d A d B D d B


dg
dg
 d g



1

d D  1 d  B  1 
dD
 B
B  D  B 1
.
dg 
dg
dg


(4.19)

As shown in Equation (4.18), the derivative of the eigenvalue is a complex
function of the right and the left eigenvectors and the derivative of the matrix A. The
method assumes that the derivative of A with respect to g can be found in closed form. A
numerical procedure is implemented to inspect the real part of the unstable branch
eigenvalue at each Ω and calculate the flutter probability using Equations (4.9) and (4.10)
after inserting Equation (4.18) using real values  i ( g0 ) and var  i ( g ) .
First, the cross-sectional lift coefficients are assumed to be stochastic parameters
as originally proposed and examined in a previous study [64]. In this case, the random
parameter is g=CLα. Two random distributions are used to describe CLα: the normal
distribution and the uniform distribution. These two distributions are chosen to replicate
two extreme cases, i.e., the normal distribution case corresponds to a scenario in which
the fidelity in the experimental results of CLα or in the local geometry is very high, and
the uniform case corresponds to a low fidelity or limited information on the experimental
CLα. For each distribution, two values are considered for the coefficient of variation (cov):
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0.1 and 0.2. In the Monte Carlo simulations, used in this section and in the following
ones, the sample population is based on 104 realizations of the random variables. The
geometry and properties of the NREL 5MW wind turbine blade are described in a
previous study [64] and are not reported in this chapter.
In the previous study [64], the randomness in the lift coefficient slope was
modeled through 6 uncorrelated random sets corresponding to 6 different airfoils located
along the span of the blade. This choice was dictated by the need for replicating the
effects of manufacturing errors. In the current study, for simplicity and to enable the use
of Equation (4.19), the randomness in the lift coefficient is modeled by a single
normalized scalar random variable that is simultaneously applied to all the 6 random sets.
Figure 5-2 shows the CDFs of the normalized critical angular velocity assuming 6
uncorrelated [64] and fully correlated random sets with cov=0.2. These distributions are
evaluated by Monte Carlo sampling. Both assumptions result in almost identical
probability distributions confirming that the current assumption causes no loss of
generality and that the approach based on Equation (4.19) can be employed to examine

Figure 5-2. CDFs of the normalized critical angular velocity for flutter, Ω*, for a normally
and a uniformly distributed CLα using MC simulations with uncorrelated and fully
correlated random sets for the NREL 5-MW wind turbine.
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flutter probability.
Figure 5-3 shows the CDFs of the normalized angular velocity *, estimated
using the FORM

for uniform and normal distributions as well as Monte Carlo

simulations. The normalized variable Ω*=Ωflutter/Ωflutter,0 is defined as the ratio between
the rotor angular velocity in the presence of uncertainty (Ωflutter) and the reference
solution (Ωflutter,0), where the reference solution is the mean flutter angular velocity found
using the deterministic method. It can be seen that for cases with the lower cov value, in
general, the FORM provides a very close approximation to Monte Carlo simulations. The
estimations at the upper and lower tails become less accurate for the higher cov value.

Figure 5-3. CDFs of the normalized critical angular velocity for flutter, Ω*, for a
normally and a uniformly distributed CLα using FORM and MC simulations for the
NREL 5-MW wind turbine.
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To investigate the effect of structural imperfection or material uncertainties, the
most critical structural parameter, the torsional natural frequency, is considered to be a
random parameter [64]. The random parameter in this case is chosen to be the torsional
rigidity (GJ), and therefore g = GJ. Both normal and uniform distributions are considered
with either cov =0.1 or cov=0.2. Figure 5-4 shows the CDFs of the normalized critical
flutter angular velocity, *, estimated using Monte Carlo simulations and FORM for
uniformly and normally distributed GJ. It must be noted that, in this second case and in

Figure 5-4. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed GJ – comparison between
FORM (1st order) and MC simulations.
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all subsequent simulations involving a random GJ, the variability in the input is
established by pre-selecting the cov of the fundamental torsional mode angular frequency,
labeled as ωT in the figure. Consequently, the standard deviation (and cov) of the random
variable GJ is calibrated in each simulation to match the desired value of cov(ωT). The
inspection of Figure 5-4 reveals that the CDFs show a wider distribution compared to the
previous case, suggesting that the torsional natural frequency has a larger influence on the
flutter onset. Moreover, estimations of the flutter probability using FORM in this case are
not adequate since several discrepancies are noted in the figure in comparison with the
“exact” Monte Carlo simulations. The performance of the FORM progressively
deteriorates for higher cov values, indicating the need for a better expansion method.

5.5 First Order Reliability Method including the effect of C(k) variation (FORM-C)
In the expansion method discussed in the previous section, it was implicitly
assumed that the Theodorsen function, C(k), is independent from the input random
variable (CLα and GJ). When structural or aerodynamic parameters are altered, however,
flutter characteristics are altered as well, which results in a change in the Theodorsen
function. In this section, a modified 1st order expansion method is derived as an attempt
toward improving the estimation of the flutter distribution function and reducing some of
the discrepancies observed in Figure 5-4. In the modified method, the variation of C(k)
with respect to the random parameter is directly taken into account. The derivative of the
eigenvalue, λi, considering the variation of C(k), is defined in terms of the total or
material derivative operator with respect to a generic variable, g, denoted as D()/Dg, as
follows:
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D i
Dg



i
g



 C (ik )

dC ( k ) d k
dk
dg

.

(4.20)

In Equation (4.20), partial derivatives are used to highlight the functional
relationship between λi and C(k). It is observed that the reduced frequency, k, is in turn a
function of g through the imaginary part of the eigenvalue,  i  , i.e., the frequency of
oscillation at flutter. This term can therefore be expanded using the derivative dk/dg and
thus Equation (4.20) is rewritten as:
D i i
i d C (k ) d  (i ) b


.
D g g  C (k ) d k
d g 

(4.21)

The first-order expansion of the real part of the eigenvalue is then found as:

 i d C (k )   d i  b
 D i 
  

  i  
.
 


Dg 
 g 
  C (k ) d k   d g  

(4.22)

The new derivative of the eigenvalue has two terms: the first term is equal to
Equation (4.18) and excludes the effect of C(k) variation, and the second term reflects the
indirect effect of C(k) variation on the eigenvalues.
In Equation(4.21), the term d C (k ) / d k is needed. The Theoderson function,
C(k), is defined as [22]:

H1(2) (k )
C (k )  (2)
,
 H 0 (k )  H1(2) (k )

(4.23)

where, H v(2) (k ) is the Hankel function of the second kind of order ν (ν=1 or ν=0) and ι is
the imaginary unit. The function H(2) (k )  J (k )  Y (k ) depends on Jv and Yv, Bessel
functions of the first and second kind of order ν, respectively. The derivative

d C (k ) / d k is therefore found analytically as:
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(4.24)

Equation (4.24) can be expanded using the properties of the Bessel functions [79]
to find:

d  H1(2) (k ) 
dk



J 0 (k )  J 2 (k ) Y0 (k )  Y2 (k ) ,

2
2

(4.25)

and,

d  H 0(2) (k ) 
dk

  J1 (k )  Y1 (k ) .

(4.26)

Then, the partial derivative of the eigenvalue with respect to C(k) in Equation
(4.21) can be determined in a manner similar to Equation (4.18) as:

i

 C ( k ) 

χ Ti

A
ψi
 C ( k ) 
χ Ti ψ i

,

(4.27)

where (as in Equation (4.19)),


d  B  1 
dA
dD
 B1
B  D  B 1
.
d C (k ) 
d C ( k ) 
d C ( k ) 


(4.28)

Figure 5-5 shows the CDFs of normalized angular velocity, *, estimated using
1st order expansion method with random flow forces (random CLα) with and without the
C(k) effect as well as the results based on the Monte Carlo simulations. It can be seen that
including the effect of C(k) provides some improvements. For example, in the case of a
uniformly distributed CLα with cov = 0.2 the approximate CDF better reconstructs the
“exact” function even around *=0.9, close to the lower values of the flutter speed
distribution. However, the use of a more accurate first-order expansion is still not
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sufficient, which is believed to be related to the fact that the lift coefficient has a
moderate influence on the modal natural frequencies and thus k. In contrast, structural
properties such as the mass, and the flapwise and torsional stiffness values tend to have a
greater effect on the natural frequencies (and k) in Equations. (4.4) and (4.5), compared to
the added mass and stiffness, which are controlled by CLα.
Figure 5-6 shows a plot similar to Figure 5-5 when the uncertainty is related to the
first-mode torsional frequency ωT (and therefore the torsional rigidity GJ). The method
provides a much better estimation of the CDF function by more closely replicating the

Figure 5-5. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed CLα – comparison between
FORM (1st order), FORM-C with the C(k) effect (1st order with C(k)) and MC
simulations.
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Monte Carlo results, in comparison with the 1st order solution, which excluded the C(k)
effect. This improvement is more significant for large angular velocities, * (above the
design point *=1), while for low * the representation of flutter probability is still
unacceptable, for example, around *=0.7 in the case of a uniform distribution of GJ
with cov(ωT)=0.2 (bottom right panel in Figure 5-5).

Figure 5-6. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed GJ – comparison between
FORM (1st order), FORM-C with the C(k) effect (1st order with C(k)) and MC
simulations.
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5.6 Second Order Reliability Method (SORM)
As discussed in Sections 5.4 and 5.5, the 1st order expansion method provides an
acceptable representation of the flutter probability, except in the upper and lower tails of
the CDFs, where it exhibits non-negligible differences and inaccuracies. The Second
Order Reliability Method (SORM), which uses the 2nd order expansion of eigenvalues in
addition to the first order, provides a more accurate representation of the eigenvalue
variation due to stochasticity in the aeroelastic system through the random parameter
(g=CLα or g=GJ). Both the first and the second derivatives of the eigenvalues with
respect to a generic g are needed:

i ( g )  i ( g0 ) 

d i
dg

 g  g0  
g0

1 d 2 i
2 d g2

 g  g0 

2

.

(4.29)

g0

The ordinary derivative operator is used in this equation and in further derivations
below since the effect of C(k) is neglected (refer to Equation(4.8)). Similar expressions
may be derived if this effect is included (Equation(4.21)). The first and the second
derivatives of the eigenvalues can be found either numerically or analytically. The mean
and variance of the eigenvalues are then derived as:

E i ( g )  i ( g0 ) 

1 d 2 i
2 d g2

g0

2
E  g  g 0   ,



(4.30)
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To calculate the variance of the eigenvalue, other than the variance, the skewness
and kurtosis of random parameter are also needed. These are characteristics of the
random distribution. For both uniform and normal distributions, the skewness is equal to
zero. For the normal distribution, the kurtosis is equal to 3{var[g]}2 and for the uniform
distribution, the kurtosis is equal to 1.8{var[g]}2 [80]. The second derivative of λi is also
needed to calculate the variance of the eigenvalue. If the eigenvectors are normalized
such that χTi ψ i  1 , this expression is derived from Equation (4.18) as:

d  d i

dg dg

 d  T dA 
ψi  ,

 χi
 dg dg 

(4.32)

or
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(4.33)

To find the second derivative of the eigenvalue, the first and the second
derivatives of matrix A are needed as well as the first derivatives of the right and left
eigenvectors. The second derivative of matrix A can be derived from Equation (4.19) as:
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2
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2
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dg
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d2 D
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(4.34)

Closed-form calculation of the first derivatives of the right and left eigenvectors is
a complex procedure since it necessitates the use of the inverse of the expression

 A  i I 

(for example from Equation(4.16)), which is singular. A closed-form method

for systems with proportional damping is suggested by Liu [81]. Choi et al. [82]
introduced a series of methods, requiring the extended definition of the quadratic
eigenvalue problem, which is not employed in this chapter. There are the methods that
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require the knowledge of all other eigenvectors for expanding the unknown derivative of
ψi or χi [75, 76]. All the above methods appeared to be difficult to implement due to the
inherent complexity in matrix A. As an alternative, iterative methods have been proposed
to estimate the derivative of eigenvectors [83, 84]. Preliminary implementation of the
iterative methods in the case of the aeroelastic system matrix A has exhibited potential
convergence issues. Therefore, in the present study, the second derivative of eigenvalues
is calculated numerically by approximating the first derivatives of the left and right
eigenvectors through finite differences.

Figure 5-7. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed CLα - comparison between
FORM (1st order), SORM (2nd order) and MC simulations for the NREL 5-MW wind
turbine.

104

`
Figure 5-7 and Figure 5-8 illustrate the CDFs of normalized angular velocity, *,
estimated using the 2nd order expansion (SORM) and Monte Carlo simulations, for
random flow forces (CLα parameter) and random torsional natural frequencies (GJ
parameter, as explained earlier), respectively. In comparison with the 1st order expansion
methods, SORM provides an estimation of CDF curves closer to Monte Carlo
simulations, with especially better estimation for higher cov values of the input variables
and in regions of Ω* away from the design point. This is expected since the new

Figure 5-8. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed GJ using FORM (1st order),
SORM (2nd order) and MC simulations.
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approximation utilizes both the 1st and the 2nd order expansions to represent the
eigenvalue variation, while FORM entirely depends on the first order expansion.
However, the upper and the lower tails of the CDFs are not estimated accurately,
especially for higher cov values. Inspection of Figure 5-8 also reveals that another effect
of adding the 2nd order term is the appearance of small non-zero regions in CDFs before
and after the start and end of the lower and upper limits of the Ω* distribution, which is
bounded since the input random variable is uniform.

5.7 Weighted Averaging Reliability Method (WARM)
None of the three methods discussed in Sections 5.4, 5.5 and 5.6 was able to
provide a complete representation of the Monte Carlo simulations, especially for high cov
values. In this section an averaging method based on FORM is introduced to improve the
estimation of flutter probability by reliability methods.
In Section 5.4, the flutter probability function was approximated by expansion
about the original design parameter value, and it was shown that the method does not
provide a good representation of the lower and upper tails of the CDFs obtained from
Monte Carlo simulations. It is noteworthy that the first-order expansion only returns
accurate flutter probability distributions for cases with randomly distributed CLα with
cov = 0.1, while for all other cases, it is only accurate for values close to the original
design point (the mean flutter angular velocity) and becomes less and less accurate as this
parameter gets farther from the original design value. In order to overcome this issue, the
Weighted Averaging Reliability Method (WARM) is proposed.
In WARM, instead of using one approximation of the eigenvalues about the
original design point (or parameter), a number of first-order approximations are
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constructed about “altered” design points. The altered points or parameters should be
selected in order to span the random parameter domain (and consequently the domain of
Ω) with sufficient accuracy, from a minimum value to a maximum value. The parameter
range of variation depends on the random distribution of g and its corresponding cov. For
example, in the case of a random GJ, Figure 5-9 presents various CDFs reconstructed
using various initial expansion points. Each curve refers to a different expansion point,
with T* the normalized altered torsional natural frequency. The curve with T*  1.0
corresponds to the 'unaltered' case, used in previous sections. Since most discrepancies
between the Monte Carlo and the previously proposed reliability methods were observed
when the torsional natural frequency was chosen as the stochastic term, application of the
WARM is exclusively carried out in the case of the a random GJ.

Figure 5-9. CDFs of the normalized critical angular flutter velocity (Ω*) for a normally
distributed GJ using FORM with altered torsional natural frequencies for the NREL 5MW wind turbine.
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After obtaining the CDFs about the altered design parameters or expansion points, a
weighted averaging among the set of CDF curves is used to combine them to obtain the
approximation of the flutter angular velocity CDF. The averaging method depends on the
distribution of the input random parameter (g=GJ in this example). A normalized
probability density function (PDF) of each random parameter is used to determine the
weightings. Figure 5-10 shows the normalized PDFs for both the uniform and the normal
distributions with cov=0.1 and cov=0.2. The CDFs are weighted based on the distance of
the altered parameter or expansion point from the original design parameter. This
approach is in part inspired by the kernel density estimation method, used for nonparametric probability distribution assessment and smoothing of probability density
functions (e.g., [85]). For the uniform distribution, all CDFs have the same unit weight
and in order to integrate the curves into one CDF, it is sufficient to add them up and
divide them by the number of contributing CDFs. For the normal distribution, however,
the weighting factor decreases as the altered random parameter gets farther from the

Figure 5-10. Weighting functions for normal and uniform random distributions.
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original design point. For example, if the random input parameter, torsional frequency,
has a normal distribution with cov=0.2, a CDF with T* =1 is weighted as 1 and a CDF
with T* =0.8 is weighted as 0.6.
Figure 5-11 and Figure 5-12 show the CDFs of normalized angular velocity, *,
estimated using WARM, FORM and Monte Carlo simulations for both the normal and
uniform distributions for flow forces and natural frequencies, respectively. In the case of
a random torsional natural frequency, the discrepancy between the approximate solution

Figure 5-11. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed CLα using – comparison
between FORM (1st order), WARM and MC simulations.
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and the Monte Carlo simulation almost vanishes when WARM is used. The upper and
lower tails (or limits) of the angular flutter velocity CDFs are better estimated. The
expansion method and reliability approximation, based on WARM, gives the closest
match to the Monte Carlo simulation among all other methods.
Another parameter that plays a role in WARM is the selection of the number of
altered design points or additional “runs” needed to approximate the curve. Figure 5-13
shows CDFs of the normalized flutter critical angular velocity, Ω*, for a normally

Figure 5-12. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally and a uniformly distributed GJ - comparison between
FORM (1st order), WARM and MC simulations.
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Figure 5-13. CDFs of the normalized critical angular flutter velocity (Ω*) of the NREL 5MW wind turbine for a normally distributed GJ using WARM and different number of
additional altered design points and runs (NR).
distributed GJ with cov=0.2 using different numbers of additional runs (NR). It can be
observed that even when using four additional runs at altered design points or parameters,
very good approximation of the CDF curve is obtained. By increasing the number of
additional runs to 6 and 12 the resulting CDF becomes smoother and closer to the Monte
Carlo approximation.

5.8 Conclusions
In this chapter, four different reliability methods are introduced to model the
influence of the blade’s inherent uncertainties on the onset of flutter. The NREL 5MW
blade is considered for this study. The variability in the flow forces is modeled through
the cross-sectional lift coefficient and the variability in the structural properties is
modeled through the torsional natural frequency, which has been shown previously to
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have the most influence on the onset of flutter. Both normal and uniform distributions are
considered for each random parameter.
The four reliability methods are the First Order Reliability Method (FORM), the
First Order Reliability Method including the effect of C(k) variation (FORM-C), the
Second Order Reliability Method (SORM) and the presently proposed Weighted Average
Reliability Method (WARM).
FORM is the simplest expansion method which is based on the first order
expansion and provides an acceptable approximation. To improve the approximation,
SORM is applied which is based on the first and the second order expansion and thus a
more accurate expansion than FORM. SORM provides a better approximation than
FORM but it cannot model reliability away from the deterministic value of the angular
flutter velocity, far from the original design point. Since both FORM and SORM neglect
the effect of C(k) variation due to having a random parameter in the system, another
method (FORM-C) is discussed which includes the effect of C(k) variation on flutter
probability. The method returns a closer match to Monte Carlo compared with FORM
and SORM, especially in the upper tail (*>1), but not for the lower tail (*<1). To
make sure that the reliability method is capable of providing a close match at the
extremes, WARM is introduced. In addition to estimating the flutter probability based on
the original design point, WARM includes other design points covering the random
parameter variability range. For cases in which the lift coefficient is set as the random
variable with cov=0.1, the FORM returns a very close approximation to the Monte Carlo
simulations while for all other cases, WARM proves to be the most accurate and reliable
method among the four. The computing time is also drastically reduced with WARM in
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comparison with the Monte Carlo method, which usually requires a large sample size to
ensure adequate estimation of flutter occurrence probabilities.
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CHAPTER 6
COUPLED-MODE FLUTTER OF BENDING-BENDING AND TORSIONBENDING TYPES IN HIGHLY FLEXIBLE UNIFORM AIRFOILS
The coupled-mode flutter characteristics of fixed and rotating high aspect ratio
flexible airfoils are investigated both numerically and experimentally. The focus of the
present chapter is on the interaction of structural modes and coupled-mode flutter
characteristics of highly flexible airfoils. It is shown that for the non-rotating cantilevered
airfoils, the coupled- mode flutter is a combination of the 1st and the 2nd flapwise modes
and thus has a bending-bending nature. Due to the high flexibility of the airfoils, the
flutter characteristics are greatly affected by the smallest change in the angle of attack (50
% drop in the flutter critical speed when having 2° angle of attack). The effect of
gravitational force and airfoil orientation is also investigated and it is shown that it causes
a delay in the flutter initiation (30% increase in the flutter critical speed when oriented
horizontal). The flutter onset and frequency were also found experimentally, which
correlated with the numerical predictions. In the case of rotating flexible airfoils, it is
shown that the flutter has a torsion-bending nature meaning the 1st torsional mode and a
flapwise mode contribute to the flutter. The contributing flapwise mode depends on the
flexibility of airfoil (higher modes in more flexible designs). Increasing the angle of
attack decreases the flutter onset but due to centrifugal loads the impact is less
significant. Various structural mode interactions are also identified studying eigenvalue
plots of airfoils with different angles of attack such as: mode-crossing, mode veering and
mode-coalesce.
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6.1 Introduction

Flutter has been observed in various structures such as bridges [86-88], flexible
pipes conveying fluid [89, 90], helicopter blades [26, 91] and airplane wings [29, 92, 93].
Coupled-mode flutter in wings is the result of coalescence of two structural modes
(usually a bending mode and the first torsional mode) due to aeroelastic interaction, while
stall-flutter is the result of separation and re-attachment of flow over the wing surface in a
cyclic manner [20].
Many researchers have studied limit cycle oscillations of airplane wings.
Landsberger and Dugundji [25] carried out experiments on cantilevered flat
graphite/epoxy laminate plates with 12 inch span and 3 inch chord. They explored the
effects of angle of attack of wing on the onset of flutter and showed that classical
coupled-mode flutter occurs at low angles of attack and stall-flutter at higher angles of
attack.
Tang and Dowell [26] examined the flutter instability and forced response of a
rigid non-rotating helicopter blade with structural nonlinearities (free-play and parabolic
moment-rotation relationships) experimentally and numerically. The blade was untwisted
and had a constant chord of 0.1 m, an aspect ratio of 5 and two degrees of freedom in the
flapwise and torsional directions. They used ONERA stall aerodynamic model to
describe the aerodynamic loadings and conducted a series of experiments. The flutter
mode was pitch dominated.
Tang and Dowell [27] studied the aeroelastic behavior of a non-rotating flexible
rotor blade numerically and experimentally. They also used ONERA stall model for their
numerical study. In their experimental study, the blade was made of aluminum and was
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untwisted with a fixed chord and an aspect ratio of about 6. Two boundary conditions
were examined: fully clamped and free to pitch at the root. The fully-clamped tests were
used only to find the static deflection since the onset of flutter was high. For the case with
torsional spring at the root, the flutter was observed in the pitch degree of freedom. They
showed that increasing the angle of attack reduces the critical flutter speed, however,
including geometrical nonlinearity has a very small effect on the flutter onset. Forced
excitation in the pitch direction and the effect of free-play on the flutter onset and
amplitude were also investigated.
Patil et al. [28] conducted a nonlinear analysis for High-Altitude Long-Endurance
(HALE) aircraft wings. The wing had an aspect ratio of 32 and almost identical edgewise
and torsional natural frequencies. The flutter mode was found to be a torsion/edgewise
mode, i.e., the torsional mode was coupled with the edgewise mode. As the root angle of
attack was increased from zero, the onset of flutter increased rapidly at 0.61 and then
decreased slowly for higher angles. The jump coincided with the discontinuity observed
in the tip displacement. Same behavior was observed for the flutter frequency. They also
investigated the effect of tip displacement on the natural frequencies of different modes
and found that the torsional and edgewise modes are affected greatly, while the flapwsie
modes remained unaffected. Patil et al.[29] also studied the post-flutter behavior of the
high aspect ratio wing described in [28] undergoing limit cycle oscillations (LCOs)
numerically using a static stall model and time-marching techniques. They observed that
the LCOs could be initiated at flow velocities lower than the onset given a critical
disturbance magnitude (i.e., a subcritical instability). They also observed period doubling
in the dynamic response of the wing as the flow velocity was increased further.
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Tang and Dowell[30] studied the hysteresis phenomenon in the limit cycle
response of a wing model with an aspect ratio of 9 and an attached slender body at the
tip. They developed a theoretical model using the ONERA stall model and also
conducted a series of experiments in a wind tunnel. The LCO hysteresis behavior was
observed both experimentally and numerically. Tang and Dowell[31] found that the
flutter mode was due to the coupling of the 2nd flapwise and the 1st torsional mode. They
also observed that increasing the angle of attack resulted in large static deflections, which
increased the torsional natural frequency and thus delayed the flutter onset. Stanford and
Beran [94] investigated the subcritical nature of the wing flutter and optimized the
structural design of the wing to undergo a benign low-amplitude supercritical LCO.
Patil and Hodges [32] studied the effect of geometrical nonlinearities on the
flutter characteristics of a high aspect ratio wing described in [28]. The theoretical model
was based on a geometrically exact structural theory and a non-planar, fixed-wake
aerodynamic theory. To study the effect of geometrical nonlinearities, the wing was
forced to a curved shape by applying a constant distributed loading numerically to mimic
the aerodynamic loading. They concluded that the structural nonlinear effects are
negligible for the steady state deflections and forces. However, the dynamic behavior of
the wing and thus the onset of flutter were affected significantly by the large deflections.
Xie et al. [95] found that for a wing with a wingtip store undergoing large deformation,
the non-planar vortex lattice method provides a more accurate static response than the
linear method of aeroelastic analysis.
Flight dynamic of an entire HALE aircraft has also been studied by a number of
researchers [33-37]. Fazelzadeh et al. [96] studied the bending-torsional flutter
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characteristics of a wing with an arbitrarily mass placed at an arbitrary location and
subjected to a follower force. Zhao [97] developed active flutter suppression tools for a
high aspect-ratio wing with multiple control surfaces distributed throughout the span.
In the present chapter, coupled mode flutter of highly flexible airfoils is studied
numerically and through conducting a set of wind tunnel experiments. Previous studies
mainly focused on the flutter onset and the post-critical response of rigid and flexible
wings. The focus of the present chapter is on the flutter characteristics (i.e. flutter onset,
frequency and vibration mode) as well as the structural modes interaction of highly
flexible airfoils and how all these are greatly affected by slight changes in the angle of
attack(1 or 2 degree). The study is not just limited to the fixed flexible airfoils but also
extended to the rotating airfoils resulting in identification of various types of bendingbending and torsion-bending coupled-mode flutters.

6.2 Theoretical model
Since the flexible airfoils considered here are high aspect ratio structures, they can
be modeled as cantilevered beams. The nonlinear differential equations of motion
describing deformations of a beam rotating in the flapwise and torsional directions with a
constant angular velocity ω are derived in [44] and in the torsional and flapwise
directions are:
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where, w and φ represent the flapwise and torsional bending displacements, respectively;
G is the shear modulus of elasticity; J is the torsional stiffness constant; Km is the polar
radius of gyration of the cross-section about the elastic axis; m is mass of the beam per
unit length; e is the distance between the mass (and area) centroid and the elastic axis
(mass offset); E is the Young’s modulus of elasticity; 𝐼𝑧 and 𝐼𝑦 are the bending moment
of inertia in flapwise and edgewise directions, respectively; 𝜃 is the twist and Lw and Mφ
are the resultant lift force and pitching moment due to the aeroelastic interactions.
Since studying the post-critical behavior is not in the scope of the current study, it
is sufficient to linearize the equations about the static equilibrium position of the airfoil
and then solve the resulting PDEs to find the eigenvalues. Assuming that w0 and φ0
represent the static flapwise and torsional deflections, the linear representation of the
equations about the airfoil’s static deflection will be:
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where the aerodynamic forces, Lw and M  , are defined based on Theodersen unsteady
theory [22], which is a valid unsteady model for the attached flow condition.
As the first step, at each wind speed, the static deflection of the airfoil is found.
This is done by neglecting all dynamic terms in Equations (5.3) and (5.4), and then using
a finite element method. A beam element is defined with 6 degrees of freedom, 3 at each
node: w, w’ and φ, and for each element, the displacements (φe, we) is described in terms
of the interpolation functions (Nφ, Nw) and nodal DoFs (Yeφ, Yew):
 e  N Y e ,

(5.5)

we  N wY e w ,

(5.6)

in which,
N  [ N1 0 0 N2

Nw  [0 N3

(5.7)

0 0],

N 4 0 N5

(5.8)

N6 ],
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where linear interpolation functions, N1  ( x / l  1) and N2  ( x / l  1), are used to
describe

the

torsional

displacement,

and

N3  (2 x3  3x2l  l 3 ) / l 3 , N4  ( x3l  2 x2l 2  xl 3 ) / l 3 ,

cubic

interpolation

N5 = (-2x3 + 3x 2l) / l 3 ,

functions,
and

N6 = (x 3l - x 2l 2 ) / l 3 , are used to describe the flapwise displacement, where l is the length of

the element and x is the local coordinate oriented along the length of the element. Then
using this finite element formulation for each element, Equations (5.3) and (5.4) can be
rewritten in a general form as:

Qje Y je = F je ,

(5.9)

Q ewY ew = F ew ,

(5.10)

where, Feφ and Few are, respectively, the local static moment and lift force acting on the
element, and Qeφ and Qew are the local stiffness matrices, respectively. To find the local
stiffness matrices, Equations (5.3) and (5.4) are first written in terms of the nodal DoFs
and interpolation functions (Equations (5.5) and (5.6)). Then each equation is multiplied
by the transpose of its corresponding interpolation function (Equation (5.3) by NφT and
Equation (5.4) by NwT) and integrated along the length of the element, l.
The local forces for each element are described in terms of the local static
moment and lift on the element as:

F e  [M stat1 0 0 M stat 2

0 0]T ,

(5.11)

F e w  [0 Lstat1 0 0 Lstat 2

0]T .

(5.12)

where,
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To solve these coupled partial differential equations of motion, first the Galerkin
method is used to discretize the equations spatially and then eigenvalue analysis is
performed. The torsional and flapwise bending displacements are written as:
R

 ( x, t )   ( x)q (t )

(5.15)

n 1

M

w( x, t )  w ( x)qw (t )

(5.16)

n 1

where, ϑφ(x) and ϑw(x) are the torsional and flapwise mode shapes, respectively; R and M
are the number of modes in the torsional and flapwise directions, respectively, and qφ and
qw are the generalized coordinates in their corresponding directions. The numerical
simulation is conducted using 6 modes in each direction in the Galerkin technique.

6.3 Fixed flexible airfoil
In this section, we consider a three-dimensional flexible airfoil clamped at one
end and free at the other end, placed in uniform incoming wind. The S3014 airfoil with
9.5% thickness is utilized throughout the length of the three-dimensional airfoil. The
flexible airfoil (Airfoil (1)) has a constant chord of 15 mm with zero twist and half span
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of 200 mm. To make the airfoil very flexible, it is designed with a hollow cross section as
shown in Figure 6-1. The structural properties are listed in Table 6-1.

Figure 6-1.The schematic of the airfoils used in this study.
Table 6-1. Cross-sectional properties of the airfoils.
Chord
(m)
0.015

m
EIw
EIv
GJ
Km1
Km2
e
a
(kg/m) (N.m2) (N.m2) (N.m2) (m)
(m)
(m)
(-)
0.0080 0.0020 0.1760 0.0024 4.8e-04 0.0044 1.2e-6 -0.285

6.3.1 Numerical Study
First, we assume a case where the airfoil is hanged vertically and the angle of
attack is set to 0°. This means that the airfoil experiences no static deflection and stays
straight up to the onset of instability. Figure 6-2(a, b) shows how the system’s natural
frequency and damping change with varying wind speed. As the wind speed increases,
the frequency of the 1st flapwise mode decrease and reaches a zero frequency at U=4.7
m/s and stays there for higher wind speeds up to U=13 m/s, where the frequency starts to
rise again, which means that the 1st flapwise mode is buckled (Figure 6-3). The 2nd, 3rd
and 4th flapwise modes vary slightly as the wind speed is increased, but they never go to
zero. In the meantime, the frequency of the 1st torsional mode decreases to values smaller
than the frequency of the 4th flapwise mode. Then at U=20.71 m/s, the damping of the 1st
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torsional mode becomes negative, indicating the onset of flutter for the flexible airfoil
with 0° angle of attack. The flutter type in this case is a torsional flutter with a frequency
of f=43.75 Hz. The fact that this instability occurs at a higher wind speed than the initial
buckling instability (20.71 m/s as opposed to 4.7 m/s) we conclude that the flexible airfoil
with 0° angle of attack undergoes a buckling instability at 4.7 m/s.

Figure 6-2. Frequency and damping of eigenmodes with respect to the wind speed for
Airfoil (1) with an angle of attack of (a,b) 0°, (c,d) 1°, and (e,f) 2°.
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Figure 6-3. Frequency of the first eigenmode with respect to the wind speed for Airfoil
(1) with an angle of attack of 0°.

Figure 6-4. Static deflections experienced by the flexible airfoil in flapwise (left) and
torsional (right) directions for 0°, 1° and 2° angles of attack at wind speed of U=5 m/s.
Next, to investigate the influence of the static deflection on the flutter
characteristics, small angles of attack of 1° and 2° are assumed. Due to the high
flexibility of the airfoil, these small angles induce large static deflections. The airfoil’s
static deflection is obtained at each wind speed by eliminating all the dynamic terms in
Equations (5.1) and (5.2) and utilizing the finite element method discussed in Section 6.2.
Figure 6-4 shows the static deflections experienced along the length of the flexible airfoil
in the flapwise and torsional directions for angles of attack of 0°, 1°, and 2° and a wind
speed of U=5 m/s.
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Figure 6-5. Frequency of the first eigenmode with respect to the wind speed for Airfoil
(1) with an angle of attack of 1° and 1.1°.

Figure 6-2 (c, d) shows how the frequency and damping of the system vary as the
wind speed increases for the case with an angle of attack of 1°. The frequency plot shows
a slight decrease in the 3rd and the 4th flapwise modes and the 1st torsional mode as the
wind speed increases. The frequency of the 1st flapwise mode initially decreases and
reaches a very small, but nonzero frequency (0.06 Hz) at U=5.2 m/s, and then increases
for wind speeds larger than U=7 m/s, until it merges with the 2nd flapwise frequency at
U=10.35 m/s. At a slightly higher wind speed of U=11.29 m/s a negative damping is
observed, indicating the onset of a coupled-mode flutter. The frequency corresponding to
the unstable mode is found to be f=7 Hz. In this case the 1st and the 2nd flapwise modes
contribute to the flutter mode, resulting in a bending-bending coupled mode flutter. This
behavior is clearly very different from that for 0° angle of attack. In the case of 0° angle
of attack, the 1st flapwise mode buckled at low wind speeds, and in the case of 1° angle of
attack, the initial buckling of the 1st mode occurred in only a small range of wind speeds
and at higher wind speeds the 1st and the 2nd flapwise mode contributed into a coupled-
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mode flutter. The initial buckling vanishes for the angle of attack of 1.1° as shown in
Figure 6-5. The main feature that is most probably the reason for such a major difference
in the system behavior is the large deflection that is induced by a non-zero angle of
attack. At the flutter onset, the tip of the flexible airfoil experiences a static deflection of
37% (w0/L) when the angle of attack is 1°, while there was no deflection for the case of
0° angle of attack.
To see if the deflection is the cause, we consider an angle of attack of 2° as well
(Figure 6-2 (e, f)). The initial buckling of the 1st mode is completely vanished and very
similar to the case of 1° angle of attack, the 1st and the 2nd flapwise modes coalesce while
the frequencies of the 3rd and the 4th flapwise mode and the 1st torsional mode decrease
slightly as the wind speed increases. Here also a coupled-mode flutter of bendingbending type, with contributions from the 1st and the 2nd bending modes is observed. The
onset of flutter is at a lower velocity of U=7.06 m/s with a corresponding frequency of
f=6.68 Hz. The tip deflection at the flutter onset is 29%.
Another study is conducted using NACA 0015 symmetric airfoil with a solid
cross section and same material properties. Figure 6-6 shows how frequency and
damping of the system changes as the wind speed increases for an angle of attack of 0°
and 2°. Same general behavior is observed. The 1st flapwise mode buckles at low wind
speeds (U=12 m/s) and the 1st torsional mode obtains a negative damping value at higher
wind speeds (U= 55 m/s) for a 0° angle of attack (Figure 6-6 (a, b)). The buckling of the
1st mode vanishes as the angle of attack is set to 2° and a bending-bending coupled-mode
flutter is observed at U=16.5 m/s (Figure 6-6 (c, d)).
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Figure 6-6. Frequency and damping of eigenmodes with respect to the wind speed for
NACA 0015 airfoil with an angle of attack of (a,b) 0° and (c,d) 2°.
Table 6-2. Numerical values for the flutter speed, frequency and static deflections of the
flexible airfoil with different angles of attack and orientations.
AoA/Orientation
Uflutter (m/s)
fflutter (Hz)
w0/L
φ0 (deg)

1°/ Vertical
11.29
7
0.37
0.29

1°/ Horizontal
14.8
7.25
0.32
0.51

2°/ Vertical
7.06
6.68
0.29
0.23

2°/Horizontal
9.9
7
0.24
0.45

Another factor that can result in large static deflection is the gravitational force
due to the orientation of the airfoil. Since the airfoil is highly flexible, it experiences large
static deflection if orientated horizontally. Table 6-2 compares the onset of flutter, flutter
frequency and the tip static deflections for different orientations and angles of attack. As
shown in Table 6-2, for the two cases with the same angle of attack of 2°, when the airfoil
is held horizontally, the flutter onset is delayed from U=7.06 m/s to U=9.9 m/s. The
flapwise deflection experienced by the airfoil is smaller than the vertical orientation (24%
compared with 29%) because the gravitational force is in the opposite direction of the lift,
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while the torsional deflection is larger (0.45° compare to 0.23°) because the gravitational
moment and aerodynamic moment both act in the same direction. Another effect is the
slight increase in the flutter frequency in the horizontal case compared to the vertical
orientation (f=7 Hz compare to f=6.67 Hz). The flutter type is not affected by the airfoil
orientation. When the airfoil is held horizontally with an angle of attack of 1° or 2° the
observed flutter type is still a coupled-mode flutter of bending-bending type.

6.3.2 Experimental Study
A series of experiments was conducted using the designed flexible airfoil in order
to pinpoint the onset of dynamic instability. The experimental tests were conducted in an
open-section wind tunnel with a test section of 1 m × 1 m. The wind speed range was
from 2 m/s to 20 m/s with a turbulence intensity of less than 1%. The designed airfoil was
fabricated using 3D printing techniques with flexible materials to ensure both shape
accuracy and structural flexibility. To measure the flexible airfoil’s natural frequencies, it
was clamped at its root with several piezo dynamic strain gauges attached to it. The
airfoil’s natural frequencies were obtained by performing a series of hammer tests. The
sensors data were then collected and the natural frequencies of the airfoil were obtained
by investigating the resulting power spectral density plots. The natural frequencies were
also estimated theoretically using the numerical model introduced in Section 6.2. Table
6-3 compares the experimental and numerical values of the natural frequencies. The
observed range in the numerical estimation for each natural frequency comes from the
uncertainty in the material properties reported by the manufacturer. The experimental
values fall in the range or very close to the lower limits of the numerical values. This
could be the result of imperfections in the 3D printed airfoil, material uncertainties and
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imperfect boundary conditions in the experiments. The effect of structural and
aerodynamic uncertainties on the flutter onset of wind turbine blades has been studied
before [64].
Table 6-3. Experimental and numerical values for the natural frequencies of the flexible
airfoil.
Airfoil (1)
Experiment
Theory

1st
flapwise
1.8
1.67 2.02

2nd
flapwise
9.2
10.43 12.65

1st
edgewise
14.8
15.51 18.81

3rd
flapwise
27.4
29.17 35.38

1st
torsional
78.9
81.18 98.46

4th
flapwise
59.4
57.09 69.25

The airfoil was fixed at its root and placed vertically in the wind tunnel test
section in order to avoid any large deflection due to the gravitational force and high
flexibility of the airfoil. Setting the angle of attack to perfect zero was impossible to
achieve because of the experimental errors, and therefore the angle of attack in the
experiments could be anywhere between 0° and 2°.
A piezo dynamic strain gauge was attached close to the root to measure the
frequency response of the airfoil. The piezo sensor had a thickness of 55µm to ensure
minimum disturbance of the flow. The wind speed was then increased gradually to
capture the critical flutter speed. At each step, the wind speed was recorded and the data
from the piezo strain gauge were collected.
Figure 6-7 shows a bifurcation diagram for this airfoil for increasing and
decreasing flow velocities. As the wind speed was increased, first, the airfoil experienced
turbulence-induced vibrations with very small amplitudes. At a wind speed of U=8.7 m/s,
the airfoil started to oscillate with a large amplitude. This was the onset of flow-induced
instability for increasing wind speed. The amplitude of oscillations increased with
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increasing wind speed up to the maximum wind speed tested (U=9.4 m/s). While the
airfoil was still oscillating at U=9.4 m/s, the wind speed was decreased gradually. As the

Figure 6-7. The amplitude of oscillations for Airfoil (1) versus the wind speed.
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(b)

(a)

Figure 6-8. (a) The time history and (b) the PSD plot of the dynamic response for
airfoil (2) at a wind speed of U = 8.4 m/s.
Figure 6-9. (a) A single frame taken from the oscillating flexible airfoil, (b) reproduced response
of Airfoil (1) held vertically

wind speed was decreased, the airfoil kept oscillating down to a wind speed of U=8.2 m/s
and then the oscillations stopped for lower wind speeds. Therefore U=8.2 m/s was
identified as the limit point of the dynamic response for decreasing wind speeds. This
demonstrates a case of a subcritical dynamic instability for this airfoil, in which for the
wind speed range of U=8.2 – 8.7 m/s, the airfoil could either oscillate or stay at its
original equilibrium position, depending on its initial conditions. Figure 6-8 shows a
sample for the piezo sensor reading and the PSD plot of the airfoil at a wind speed of
U=8.4 m/s, with a single peak at f=8.6 Hz as the frequency of flutter.
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To capture the spanwise details of the airfoil’s oscillations, 20 points along the
length of the airfoil were marked (shown in Figure 6-9(a)) and a Phantom MIRO M110
high-speed camera was used to record the oscillations. The marked points were then

tracked and the motion of the airfoil was reproduced as shown in Figure 6-9 (b). It
seems that the motion of the flexible airfoil is a combination of the 2nd flapwise mode
with the 1st flapwise mode. The airfoil oscillated about a non-zero static deflection state.
This static deflection at the tip reached a value of about 30% at U=8.4 m/s.
The flutter characteristics of the flexible airfoil obtained experimentally are in
agreement with the numerical predictions. Based on the numerical model, the flutter
onset is at 11.29 m/s and 7.06 m/s for angles of attack of 1° and 2°, respectively. In the
experiments the onset of flutter was reached at 8.7 m/s, which is closer to the numerical
prediction for 2° angle of attack (The critical wind speed of 8.4 m/s in the experiments
needs a nonlinear model for comparison, since it is observed only when large amplitudes
of oscillations do exist). The static deflection measured experimentally at the flutter onset
is also very close to the numerical prediction for 2° angle of attack (30% compared to
29%). For both angles of attack of 1° and 2°, the flutter frequency is almost 7 Hz which is
lower than the flutter frequency of 8.6 Hz measured experimentally.
Two other stiffer flexible airfoils with different aspect ratios were also designed
and tested both experimentally and numerically. Airfoil (2) had the same half span as
Airfoil (1) but a chord length of 25 mm (aspect ratio of 16). Airfoil (3) had the same
chord length as Airfoil (1) but a half span of 100 mm (aspect ratio of 13.3). Numerical
simulations show that similar to Airfoil (1), for and angle of attack of 0°, both Airfoils (2)
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and (3) experience buckling of the first mode, and for both 1° and 2°, the initial buckling
vanishes and the two airfoils experience large static deflection prior to the onset of flutter,
where the 1st and the 2nd flapwise modes coalesce and result in a bending-bending
coupled mode flutter.
Figure 6-10 shows the numerical estimations of the critical flutter speed and
frequency for all three airfoils plotted versus each airfoil’s 1st natural frequency (as a

Figure 6-10. Experimental and numerical values for flutter critical speed and frequency versus
the lowest natural frequency for all three airfoils (1), (2) and (3).
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ω

Figure 6-11. The schematic of the flexible airfoil rotating around a vertical line fixed at its end.

measure of flexibility), assuming 0°, 1° and 2° angles of attack, as well as the
experimental findings. In all three cases, the flutter critical speed found experimentally
falls between the numerical predictions for 1° and 2°, while the flutter frequencies are
more flexible, the flutter frequency decreases almost linearly for non-zero angles of
attack, while the critical flutter speed decreases exponentially.

6.4 Rotating flexible airfoil
In Section 6.3 flutter characteristics of fixed, non-rotating flexible airfoils were
discussed. It was observed that for a fixed nonrotating airfoil, the smallest change in the
angle of attack results in a large static deflection which significantly influences the onset
of flutter, flutter frequency and flutter type. In this section the study is expanded to
rotating flexible airfoils. It is assumed that the airfoil is fixed at the one end and free at
the other end and rotates with a constant speed about a vertical axis as shown in Figure
6-11.
First, the 0° angle of attack case is studied. The rotational speed is increased in
small steps starting from zero, and at each step the eigenvalues of all modes are obtained.
Figure 6-12 (a, b) shows that as the rotational speed is increased, the frequency of the 1st
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flapwise mode initially increases and then decreases to very small frequencies (0.14 Hz)
at ω=451 rmp, indicating the onset of bucking. Figure 6-13 shows the variation of the 1st
mode frequency with rotational speed. The structural modes cross each other twice: the
first mode-crossing occurs at ω=363 rpm where the1st torsional mode and the 4th flapwise

Figure 6-12. Frequency and damping of eigenmodes with respect to the rotational speed
for Airfoil (1) with (a,b) 0°, (c,d) 1°, and (e,f) 2° angles of attack.
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mode have the same frequency (70.27 Hz) but different damping values, and the second
mode-crossing occurs at ω=598 rpm where the 1st torsional mode and the 3rd flapwise
mode have the same frequency (53.86 Hz). The damping corresponding to the torsional
mode becomes negative at ω=686 rpm with the corresponding frequency of 47.22 Hz.

Figure 6-13. Frequency of the 1st eigenmode with respect to the rotational speed for
Airfoil (1) with 0°, 2°, 3° and 4° angles of attack.

The first instability observed at this angle of attack is the buckling of the first mode.
Next to investigate the influence of static deflection on the flutter characteristics
of a rotating airfoil, angles of attack of 2° and 4° are assumed. Figure 6-12 (c, d) shows
the results for the case with an angle of attack of 2°. In this case, as the rotational speed is
increased, the frequency of the 1st flapwise mode initially increases and then gradually
decreases and reaches small values of about 0.5 Hz at ω=510 rpm, resulting in the
buckling of this mode (Figure 6-13). The 1st torsional mode frequency decreases while

137

`
the frequencies of the other flapwise modes increase. A mode-crossing involving the 1st
torsional mode and the 4th flapwise mode occurs at ω=363 rpm (similar to the case of 0°).
As the rotational speed increases further, the 1st torsional mode and the 3rd flapwise mode
approach each other and when they get very close, instead of crossing, they veer away
from each other. When mode-veering occurs, both structural modes have very similar
frequencies and damping values and after the occurrence of the mode-veering, each
mode’s eigenvalue follows the other mode’s eigenvalue trajectory before veering. Right
after the mode-veering, the damping associated with the 3rd structural mode becomes
negative at ω=657 rpm, with a corresponding frequency of 47.91 Hz. In this case, the 1st
torsional and the 3rd flapwise modes are the contributing structural modes, resulting in a
bending-torsion coupled-mode flutter. At the onset of flutter, the tip undergoes a static
deflection of 4.8%. This instability involving the 1st torsional mode and the 3rd flapwise
mode is similar to the instability observed in a tapered wind turbine blade, when it is
rotating [57].
For an angle of attack of 4° (Figure 6-12 (e, f)), no mode-crossing occurs, instead
mode-veering occurs twice. The first one is when the 1st torsional mode and the 4th
flapwise mode approach each other around ω=363 rpm and the second one is when the
3rd and the 4th structural modes approach each other around ω=598 rpm. Shortly after the
second mode-veering at ω=627 rpm, the Damping associated with the 3rd structural mode
becomes negative with a corresponding frequency of 46.36 Hz resulting in a bendingtorsion coupled-mode flutter (1st torsion and 3rd flapwise modes). The tip static deflection
at the flutter onset is 10%. As shown in Figure 6-13, the frequency of the 1st mode
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initially increases as the rotational speed is increased but starts to gradually decrease for
rotational speeds higher than 490 rpm.
Due to the existence of centrifugal loads, the static deflection experienced by the
flexible airfoil is much smaller than the non-rotating case (4.8% compared to 29%
deflection for an angle of attack of 2°) and thus the influence of the angle of attack on the
flutter characteristics is less significant.
To add more insight, in addition to Airfoil (1), the numerical model is also used to
study the onset of flutter for rotating Airfoil (2) and Airfoil (3), both stiffer than Airfoil
(1). To avoid repetition, the eigenvalue plots for only 4° angle of attack is shown in
Figure 6-14. Both Airfoil (2) and Airfoil (3) have higher natural frequencies compare to

Figure 6-14. Frequency and damping of eigenmodes with respect to the rotational speed
for (a,b) Airfoil (2) and (c,d) Airfoil (3) with 4° angle of attack.
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Airfoil (1), and as shown in Figure 6-14 (a,c), the structural modes contributing to the
flutter are the 1st torsional mode and the 2nd flapwise mode (compare to the 1st torsional
mode and the 3rd flapwise mode for airfoil (1)). The onset of flutter for Airfoil (2) and
Airfoil (3) is at ω=994 rpm and ω=2353 rpm, higher than ω=657 rpm for Airfoil (1).
Since the onsets of flutter are rather high, due to safety issues no experimental studies
were conducted for rotating flexible airfoils.

6.5 Conclusions
In this chapter, coupled-mode flutter of fixed and rotating highly flexible airfoils
was investigated numerically and experimentally. A numerical method based on
nonlinear beam equations and Theodorsen theory was developed to study the flutter
characteristics. A set of experiments was also conducted in a wind tunnel to measure the
critical flutter speed and frequency of the flexible airfoil.
Despite different flexibilities (aspect ratios), all fixed airfoils initially experienced
the buckling of the 1st flapwise mode when the angle of attack was set to 0°, which is
delayed and eventually vanished as the angle of attack was increased. For non-zero angle
of attacks, all fixed airfoils experienced a bending-bending type coupled-mode flutter
where the 1st and the 2nd flapwise modes merge towards each other and finally
coalescence (mode-coalescence). Due to high flexibility of airfoils, the smallest increase
in the angle of attack resulted in a large static deflection and a significant reduction in the
flutter onset. Gravitational loads also caused airfoils to undergo large static deflections
when oriented horizontally, which delayed the flutter onset. The critical flutter speed and
frequency found experimentally were in agreement with the numerical predictions.
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When the flexible airfoil was rotated around a vertical axis with a constant rotational
speed in presence of a non-zero angle of attack, the coupled-mode flutter changed from a
bending-bending type to a torsion-bending type. The contributing structural modes were
the 1st torsional mode and the 2nd or 3rd flapwise mode depending on the flexibility of the
airfoil. Various types of interactions between structural modes were also identified such
as: mode-crossing, mode-veering and mode-coalescence.
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CHAPTER 7
FLOW-INDUCED INSTABILITY OF A ROTATING WIND TURBINE BLADE
In this chapter, flow-induced instabilities of rotating flexible blades are
investigated. An experimental setup for conducting tests on small scale wind turbine
blades with chord and twist variations is designed and built. The dynamic behavior of
flexible blades is studied and onset of dynamic instability is found.

7.1 A small scale blade design
Considering the experimental setup and testing conditions, a small scale blade
with a length of L=25 cm is designed. The blade needs to be flexible enough to show
instability in the available wind speed range. To have the desired flexibility and
aerodynamic properties which match the low Reynolds condition, the S3014 airfoil, with
9.5% thickness, is chosen to be utilized through the length of the blade. Using blade
element momentum theory [6], a blade with a similar geometry to an ideal blade is
designed and then modified to make the geometry more feasible while avoiding large
chords and twist variations. The spanwise position is given by x, x =0 at the root and x =L
at the tip. The final blade design has a chord variation of 2.6 cm (x=25 cm) to 6.0 cm
(x=6.5 cm), and then the chord is smoothly reduced to its minimum value 1.2 cm (x=0
cm). The twist is varied linearly along the span of the blade from 0̊ (x=25 cm) to 8̊ (x=6.5
cm). The designed blades are built using 3D printing techniques. Figure 7-1 shows the
designed blade.
Table 7-1 and Table 7-2 summarize the structural properties along the span of the
blade.
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Table 7-1. structural properties of the designed blade (part 1)
chord
MassDen1 FlpStiff 2 polarIner2 GJStiff 3 twist
#
(m)
(kg/m)
(N.m^2) (kg.m)
(N.m^2)
(deg)
1
0
0.012
1.323
0.103 1.86E-06
0.919
8.00
2
0.05
0.012
1.323
0.103 1.86E-06
0.919
8.00
3
0.1
0.012
1.323
0.103 1.86E-06
0.919
8.00
4
0.15
0.026
1.084
0.131 1.23E-05
0.838
8.00
5
0.2
0.041
0.830
0.159 2.28E-05
0.756
8.00
6
0.25
0.055
0.576
0.187 3.33E-05
0.675
8.00
7
0.3
0.058
0.511
0.193 3.54E-05
0.658
7.57
8
0.35
0.056
0.435
0.178 3.02E-05
0.560
7.03
9
0.4
0.054
0.367
0.164 2.55E-05
0.474
6.49
10
0.45
0.051
0.308
0.150 2.14E-05
0.398
5.95
11
0.5
0.049
0.257
0.137 1.78E-05
0.331
5.41
12
0.55
0.047
0.212
0.124 1.47E-05
0.273
4.86
13
0.6
0.044
0.173
0.112 1.20E-05
0.223
4.32
14
0.65
0.042
0.140
0.101 9.71E-06
0.180
3.78
15
0.7
0.040
0.112
0.090 7.76E-06
0.144
3.24
16
0.75
0.037
0.088
0.080 6.11E-06
0.114
2.70
17
0.8
0.035
0.068
0.071 4.75E-06
0.088
2.16
18
0.85
0.033
0.052
0.062 3.62E-06
0.067
1.62
19
0.9
0.031
0.039
0.053 2.71E-06
0.050
1.08
20
0.95
0.028
0.029
0.046 1.99E-06
0.037
0.54
21
1
0.026
0.020
0.039 1.41E-06
0.026
0.00
1
MassDen is the mass per unit length (⍴A).
2
FlpStiff and GJStiff are the flapwise stiffness (EI) and torsional rigidity (GJ),
respectively.
3
PolarIner is polar inertia (⍴IP).
bfract
(-)
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Table 7-2. structural properties of the designed blade (part 2)
bfract
(-)

#
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
0.95
1

FlpIner1
EdgIner1
cgEAOf 2 a 3
(kg.m)
(kg.m)
(m)
(-)
9.28E-07
9.28E-07
0.0000
0.0000
9.28E-07
9.28E-07
0.0000
0.0000
9.28E-07
9.28E-07
0.0000
0.0000
8.33E-07
5.16E-06
-0.0009 -0.0892
6.62E-07
1.45E-05
-0.0018 -0.1784
4.55E-07
3.08E-05
-0.0027 -0.2677
4.13E-07
3.50E-05
-0.0029 -0.2855
3.51E-07
2.98E-05
-0.0028 -0.2855
2.97E-07
2.52E-05
-0.0027 -0.2855
2.49E-07
2.11E-05
-0.0026 -0.2855
2.07E-07
1.76E-05
-0.0024 -0.2855
1.71E-07
1.45E-05
-0.0023 -0.2855
1.40E-07
1.19E-05
-0.0022 -0.2855
1.13E-07
9.60E-06
-0.0021 -0.2855
9.04E-08
7.67E-06
-0.0020 -0.2855
7.12E-08
6.04E-06
-0.0019 -0.2855
5.53E-08
4.69E-06
-0.0018 -0.2855
4.22E-08
3.58E-06
-0.0016 -0.2855
3.16E-08
2.68E-06
-0.0015 -0.2855
2.31E-08
1.96E-06
-0.0014 -0.2855
1.65E-08
1.40E-06
-0.0013 -0.2855

FlpIner and EdgIner are flapwise inertia (⍴AK2m1) and edgewise inertia (⍴AK2m2),
respectively.
2
cgEAOf is the distance between center of gravity and elastic axis (e), positive when
center of gravity lies towards leading edge.
3
The distance between the elastic axis and the mid-chord, divided by half chord is shown
by a.
1
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mm

26

60 mm

8° twist

250 mm

Figure 7-1. Geometry and dimensions of designed blade.

7.2 Small scale wind turbine
Figure 7-2 shows the small scale wind turbine designed to be used for various
wind turbine blade tests. The turbine consists of a base, a 50 cm tower and a main shaft
which is attached to a hub. The hub has three extensions for three blades. The shaft is
held in place using two ball bearings. This model had adequate features to study the
influence of various system parameters on the dynamic response of rotating blades.
Blades with different structural and aerodynamic properties might be tested using this
setup. The pitch angle of the blades may be set with 2° accuracy. The tip speed ratio of
the rotor is controlled by an eddy-current braking system [98] consisting of a copper disk
exposed to a magnetic field placed behind the tower on the main shaft, as shown in
Figure 7-3. A piezo strain gauge is attached to the blade allowing for the study of the
dynamic response of the rotating blade. The piezo sensors are thin enough (28μm) not to
disturb the blade surface and they are usually attached close to the blade root where the
stress is greatest.
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Figure 7-2. The small scale wind turbine.

Rotary
connector

Copper disc

Figure 7-3. Eddy-current braking system and the rotary connector.

To transfer the data from the rotating blades to stationary wires, a Mercotac rotary
connector from Mercotac, Inc. is utilized. As shown in Figure 7-3, the rotary connector is
placed at the open end of the main shaft where it is connected to the rotary wires and
transfers the data to the stationary wires. The wind speed is measured by a pitot-tube and
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the angular speed of the small scale wind turbine is measured using a Laser Triangulation
Displacement Sensor. The data from the piezo sensor, the laser and the pitot-tube are then
recorded in a laptop.

7.3 The blade natural frequency
The blade’s natural frequencies are obtained using three different methods:
Modeling the blade in the Pro/E software and conducting modal analysis, numerical
modeling based on FEA (discussed in Section 7.2), and performing hammer tests to
experimentally obtain the natural frequencies.
The blade is modeled in Pro/E and material properties are assigned to the model.
Using the modal analysis module, the natural frequencies of the structure and the 3D
mode shapes are obtained.
Figure 7-4 shows the first six 3D mode shapes. To validate these results, the
numerical Finite Element model, discussed in Section 7.2, is also used to obtain the blade
natural frequencies. Blade geometry and material properties are input to the FEA code
and the flapwise, edgewise and torsional natural frequencies are obtained.
Impact hammer test are also conducted to capture the natural frequencies
experimentally. Several piezo dynamic strain gauges are attached to the blade and various
hammer tests are conducted. The sensors’ data are collected and by investigating the
PSDs, natural frequencies of the blade are obtained. Figure 7-5 shows a sample PSD plot.
The peaks correspond to the blade natural frequencies. The natural frequencies are
identified by comparing the peak value with the natural frequencies obtained from the
numerical method. The first three peaks correspond to the 1st, 2nd and 3rd flapwise
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 7-4. The first six 3D mode shapes captured by Pro/E. a)1st flapwise, b)1st
edgewise, c)2nd flapwise, d)3rd flapwise, e) 1st torsional, and f)4th flapwise.

Figure 7-5. A sample PSD plot obtained from the hammer tests.
frequencies and the 4th peak is the 1st torsional natural frequency. Table 7-3 summarizes
the results obtained from numerical and experimental methods. The observed range for
frequencies obtained from the numerical methods is due to the uncertainties in material
properties.
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Table 7-3. Comparison between the obtained natural frequencies from numerical method
and experiments.
Natural frequencies
Numerical method
Experimental tests
st
1 flapwise (Hz)
25-29
23
1st edgewise (Hz)
53-62
53
nd
2 flapwise (Hz)
76-89
80
rd
3 flapwise (Hz)
178-210
173
1st torsional (Hz)
240-280
263

7.4 Experimental results
As mentioned in the previous section, a piezo sensor is attached to the blade and
the rotor speed is controlled by the eddy-current braking system. The wind turbine is
placed in the wind tunnel and the wind speed is increased gradually. At each step, the
rotor speed is obtained and data from the sensor attached to the blade are collected. PSD
plots of the collected data from the sensor are plotted and the peaks on the PSD plots
(natural frequencies) are obtained.

Figure 7-6 shows four PSD plots obtained at four different wind speeds. As the
wind speed increases, the rotor speed increases and, as shown in
Figure 7-6, the peaks in the PSD plots shift. In order to illustrate the change in the
natural frequencies, the peaks on the PSDs are plotted versus flow velocity. Figure 7-7
clearly shows the change in the natural frequencies with respect to the rotor speed. As the
rotor speed increases, the first torsional natural frequency decreases and merges with the
third flapwise natural frequency. At a flow velocity of U=15 m/s the two frequencies are
close enough that blade experiences aero-elastic instability, which results in the failure of
the blade.
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Figure 7-6. PSD plots obtained at four different wind speeds: (a)U=6.2 m/s, (b) U=9.4
m/s, (c) U=13 m/s and(d) U=14.5 m/s.
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Figure 7-7. Variation of blade natural frequencies versus the rotor speed.

Figure 7-8. Pieces of the broken blades.
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Figure 7-8 shows pieces of the broken blades. It seems that the blade is broken at its root
at a 45 degree angle, which could imply that the failure is due to shear forces resulting
from the torsional loadings. This supports the observation made from the frequency
response investigations. More investigation is needed before this conclusion is confirmed.

7.5 Conclusion
In this chapter, aero-elastic instabilities of rotating wind turbine blades are studied
experimentally. Using the blade element momentum theory, 25 cm blades are designed.
The blades have twist variation of 0̊ to 8̊ as well as chord variation of 2.6 to 6 cm. The
blades are made using 3D printing techniques and a flexible material. A small scale wind
turbine is also designed to conduct the experiments on rotating blades. The dynamic
response of the rotating flexible blades is studied using piezo electric dynamic strain
gauges. Natural frequencies of the blade found experimentally show good agreement with
the natural frequencies obtained from the theoretical methods. A series of test are
conducted in the wind tunnel. As the wind speed increases, the first torsional natural
frequency gradually decreases, and the third flapwise natural frequency gradually
increases. This phenomenon results in the failure of the blades at U=15 m/s due to the
aero-elastic instability. These experiments provide insight into the stability limits of
rotating flexible.

152

`
CHAPTER 8
FUTURE WORK
One of the major benefits of offshore wind turbines compared to onshore is the
possibility of utilizing much larger rotor areas and extracting more power generation.
Yet, a critical question is whether there are limitations to how large the blades may be.
Larger wind turbine blades are more flexible and thus prone to experience flow-induced
instabilities. Coupled-mode flutter is an aero-elastic instability that may occur in flexible
wind turbine blades operating in the attached flow regime (pitch-regulated wind
turbines). Coupled-mode flutter is a destructive type of instability which results in a
negative damping that cannot be compensated by structural damping. The main objective
of this thesis was to provide a thorough study on the coupled-mode flutter instability of
wind turbine blades through theoretical modeling, reliability analysis and wind tunnel
experimentations.

8.1 Conclusions
To study the coupled-mode flutter in wind turbine blades, first a theoretical model
consisting of two coupled PDEs describing the flapwise and torsional deformations, and
the Theodorsen theory to describe the unsteady aerodynamic forces was derived. The
model was validated and used to perform a comprehensive parametric study to identify
the major system’s parameters affecting the flutter characteristics. Three MW-size blade
designs were used in the study to ensure that the conclusions are general and independent
from a particular blade. The blade’s torsional and flapwise natural frequencies were
chosen as the main structural parameters. It was shown that changing the natural
frequencies in the torsional direction had the most significant influence on the onset of
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instability– sometimes resulting in speeds even lower than the rotor’s rated speed. It was
concluded that in designing MW-size wind turbine blades, the torsional natural frequency
and its ratio to the flapwise natural frequency were the major design parameters.
Referring to the industry standards, the probability of failure should be smaller
than 10-4, which makes the deterministic studies insufficient considering the blade’s
inherent uncertainties due to the manufacturing process. A stochastic study was
conducted to address the influence of these inherent variabilities on the blade’s onset of
flutter. System uncertainties in the flow forces and structural natural frequencies were
considered and for each case, Monte Carlo simulations with 10,000 samples were
conducted assuming the coefficient of variation (cov) of 0.1 and 0.2. It was observed that
while variability in the flow forces reduced the flutter safety margin from 70% to 40%,
the same variability in the natural frequencies resulted in no safety margin. The flutter
frequency also showed a much wider spread when the natural frequencies were
considered to be random. For the higher cov value, not only the flutter frequency was
altered, but also the flutter mode was affected. It was concluded that assuming
deterministic system parameters resulted in overestimation of the flutter “safety margin”
and therefore stochastic analysis needed be included in the estimation of the onset of
flutter for designing MW-size wind turbine blades.
Monte Carlo simulations can ensure accuracy considering enough samples,
however, it is an extremely computationally expensive approach. Reliability methods are
often used as an alternative, less time-consuming approach to predict the failure
probability. Four alternative reliability methods were introduced to estimate the flutter
probability and their results were compared to Monte Carlo simulations. The four
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reliability methods are the First Order Reliability Method (FORM), the First Order
Reliability Method including the effect of C(k) variation (FORM-C), the Second Order
Reliability Method (SORM) and the newly proposed Weighted Average Reliability
Method (WARM). It was observed that SORM provided a better approximation than
FORM but it was not successful to model reliability away from the deterministic value of
the angular flutter velocity, far from the original design point. FORM-C returned a closer
match to the Monte Carlo results compared with FORM and SORM, especially in the
upper tail, but not for the lower tail. To make sure that the reliability method was capable
of providing a close match at the extremes, WARM was introduced, which proved to be
the most accurate and reliable method among the four. The computing time was also
drastically reduced with WARM (1000 times) compared to the Monte Carlo method.
To validate the theoretical model, coupled-mode flutter of fixed and rotating
highly flexible airfoils was investigated numerically and experimentally. A numerical
model based on nonlinear beam equations and Theodorsen theory was derived to study
the flutter characteristics. A set of experiments was also conducted in a wind tunnel to
measure the critical flutter speed and frequency of the flexible airfoil. It was observed
that despite different flexibilities, initially, all fixed airfoils experienced buckling of the
1st flapwise mode when the angle of attack was set to 0°. The buckling was delayed and
eventually vanished as the angle of attack was increased. For angles of attack higher than
the critical value (vanishing of buckling), all fixed airfoils experienced a bending-bending
type coupled-mode flutter where the 1st and the 2nd flapwise modes merged towards each
other and finally coalesced. Due to high flexibility of the airfoils, the smallest increase in
the angle of attack resulted in a large static deflection and a significant reduction in the
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flutter onset. The critical flutter speed and frequency found experimentally were in
agreement with the numerical predictions. When the flexible airfoil was rotated around a
vertical axis with a constant speed, the coupled-mode flutter changed from a bendingbending type to a torsion-bending type, similar to the instability observed in a tapered
wind turbine blade.
To study the aero-elastic instabilities of rotating wind turbine blades
experimentally, a small-scale wind turbine was designed for conducting a set of
experiments in a wind tunnel. The blades were designed and fabricated using a flexible
material and 3D printing techniques. Natural frequencies of the blade found
experimentally were in agreement with the natural frequencies obtained from the
theoretical methods. As the wind speed was increased, the first torsional natural
frequency gradually decreased, while the 3rd flapwise natural frequency gradually
increased. This phenomenon resulted in the failure of the blades at U=15 m/s due to the
aero-elastic instability.

8.2 Recommendations for future work
The current research focused on predicting the onset of flutter of fixed and
rotating wind turbine blades. The theories used here are capable of modeling the flow in
the attached flow regime which is sufficient for estimating the flutter onset but fail to
provide any information beyond the instability point. A more comprehensive model
capable of modeling the flow forces beyond the separation point (flow separation and reattachment) is needed to be used to study the dynamic behavior of the structure after the
point of instability. The ONERA dynamic stall model has been frequently used by other
researchers to model the flow forces for 2D airfoils and wings. For modeling the dynamic
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stall, ONERA requires a set of parameters specific to the airfoil shape and the angle of
attack. These parameters can be found experimentally or numerically (CFD simulations).
Another alternative approach is to conduct CFD simulations and then use the Proper
Orthogonal Decomposition (POD) method to find the dominant mode shapes that define
the pressure distribution on the oscillating airfoil.
As it was discussed, coupled-mode flutter is a destructive aero-elastic instability
that occurs in the attached flow regime and results in a negative damping that cannot be
compensated by the structural damping. It was also shown that the flutter might have a
sub-critical nature which makes it even harder to accurately predict the flutter onset. This
research can be extended further by developing a control scheme that can delay the flutter
onset and alter its sub-critical nature. Different control schemes can be examined
numerically and experimentally initially for 2D airfoils and eventually for 3D blades.
In this research a new reliability method (WARM) was developed to estimate the
flutter probability. WARM is applicable to all the problems that use a reliability method
(typically FORM or SORM) to estimate the probability. As the next step, WARM can be
applied to a number of other stochastic studies in order to further evaluate its
performance. Another approach that might improve the performance of WARM and
requires more investigation is to use more complex perturbation methods (FORM-C or
SORM), instead of first-order expansions, to construct the approximations about the
“altered” design points.
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